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Preface

These lecture notes are a compilation of problems, ideas, useful facts, and theo-
rems that cover the basics for preparation for math competitions. They are not
meant to be exhaustive. They are not meant to provide a sound mathematical
foundation in mathematics. In fact, the text relies on certain familiarity with
the main topics discussed. It is meant as a collection of essentials needed for
the IMO and other high school mathematics competitions.

The selected problems are either instructive—demonstrating a new con-
cept—or interesting in their own right. This is the reason why sometimes dispro-
portionately hard problems are mixed with disproportionately easy ones, which
is still in line with the objective of the exercise: to teach new concepts and to
promote curiosity in the subject.

Since the IMO problems are usually categorized into one of the four areas:
Algebra, Geometry, Combinatorics, and Number Theory, we have adopted the
same nomenclature here.

In their current form, the lecture notes are far from complete. Suggestions
for problems, topics, or improvements are very welcome.
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Chapter 1

Algebra

The topic of algebra roughly deals with algebra typically involves manipulation
of real numbers, polynomials, functional equations, and inequalities.

1.1 Inequalities

Inequalities appear frequently in mathematical competitions and require a com-
bination of technique and insight. Learning to solve them is a matter of practice,
but there are some general hints.

Classical Classical inequalities such as AM-GM and Cauchy—Schwarz often
provide a key step in solving many problems, though they are rarely the
only thing we need. These inequalities should be thoroughly familiar and
readily applicable.

Substitutions It might help to change the variables in question from z,y, z to

111
(%%2’) - (CL’b’C))

(z,y,2) = (a+b,b+c,a+c),

(x,y,2) = (tan(a), tan(B), tan(vy)),
(z,y,2)=(b+c—a,a+c—b,a+b—c),
(2,1, %) = b+c c+a a+bd

7y7 - 2 ) 2 ) 2

Convexity Use Jensen’s inequality for convex functions.

Smoothing This is a great method that usually gets too little attention, so we
shall look at it in more detail.

Varying Use the derivative of the function to change z; in the direction of
maximum or minimum. Once there, examine the equality. A cleaner
alternative to varying are LaGrange’s multipliers.



1.1.1 Classical

These inequalities are must-learn and one should be very familiar with their
scope of application as well as with their limitations. In a sence, they are week
inequalities (but with wider scope for that matter) and should not be attempted
as a starting step. Rather, they should be used at some intermediate step in
the solition.

Theorem 1.1.1. (Cauchy-Schwarz) For any real a1, as, . . ., an and by, b, ... by,
the following inequality holds

n n n 2
>yt > (3o
i=1 =1 i=1

with equality holding iff the vectors (a1, az,...,a,) and (by,ba,...,b,) are lin-
early dependent.

Theorem 1.1.2. (AM-GM) For any non-negative real numbers x1,2a,. .., Ty

holds
T1+To+ -+ Ty

n

2 {/T1x2 Ty

Theorem 1.1.3. (Maclaurin) Let x1,xa, ..., T, be non-negative real numbers.
For each k =1,2,...,n, denote

Ck = E Liy Ly ** " Ly,

11 <dp < - <ip

c
¥ Prove that

)
dy > {/dy > {/ds > - > /dy.

Theorem 1.1.4. (Schur) For any r > 0 and non-negative x,y, and z holds

(@ —y)@—2)+y (y—2)(y—z)+z" (e —z)(z —y) > 0.
Theorem 1.1.5. (Chebyshev) If 11 > 20 > -+ > xp and y1 < yo < -+ <y,
are all real numbers, then

Zi LTiYn+1—i > Ez L Zz Yi > ZZ LilYi .

n n n n

and let dj, =

Theorem 1.1.6. (Hoelder) For any positive p and q with p+ q = pq and non-
negative x; and y; holds

S s (T) ()

Q=

Proposition 1.1.1.

n n 2 n 2 n 2
Z\/$3+yi2+"'+2i22 <ZI1> +<Zyi> +...+<Zzi> .
i=1 =1 =t

i=1




1.1.2 Convexity

If a function is convex, then the line connecting any two points on it lies “above”
the function. This is a simple geometrical observation leading to a simple but
extremely powerful algebraical statement.

A test to check whether a differentiable function f is convex is f”(z) > 0.
If that is the case, we can apply the following property, known as Jensen’s
inequality:

Proposition 1.1.2. (Jensen’s inequality) If f is a convex function, then for
any 1 and xg from the domain of f and for any A € (0, 1) holds

Af(xn) + (1= A f(x2) = f (Arr + (1 = A)az).

1.1.3 Smoothing

Examining when the equality case holds, we can pretty much guess whether it
happens when all the variables are equal (symmetric case) or when they are as
far apart as it gets (asymmetric case.) The question is, is it possible to start
with any numbers and start moving them closer together (or further apart) so
that the inequality becomes tighter. If we can, we are in luck, since we need
only examine the extreme case when all variables are equal (or when they are at
their lowest or highest limits.) The following example illustrates this interesting
concept:

Proposition 1.1.3. For any real aq,as,...,a, is valid
n(a?+a2+ - +a2)> (a1 +ag+ - +ay)?
with equality holding when a; = a3 = -+ = a, (in other words, the sum of

squares is minimized for a fixed sum when the numbers are equal.)

1.1.4 Varying and LaGrange’s multipliers

Suppose we are given a general inequality of the form f(z1,z9,...,2,) > 0. All
inequalities look like this anyway, since we can always subtract the rigt side from
the left side. If we want to prove the inequality for all points X = (x1, za,...,2,)

belonging to some space A, it is probably worth proving it for the point where
f reaches its minimum on A. If it holds there, it holds everywhere on A.

The question becomes how to find the minimum of f on A. Notice, that if
we are allowed to vary x; by “a little bit” while staying in A, the function f
can only increase locally, so the point of the minium must be a local minimum.
If, on the other hand, x; cannot be varied freely, that must be because z; is on
the “surface” of A. In either case, we only need to consider local minimums or
points on the surface of A, which already simplifies the problem.

What we know for every local minimum is that the partial derivatives of f
are zero there, so we can seek to solve the system of equations

of
al’i o

0, 1=1,2,...,n.



When there is an additional constraint, for instance z1 + x2 + --- + x, = 1,
the question becomes a bit harder but not fundamentally different. We can
write the constraint as g(x1, z2,...,2,) = 0 and the general problem becomes:
minimize f over A under ¢ = 0. What LaGrange says, and we shall believe
him, is that all minimal solutions x1, s, ..., 2, which are not on the border of

A satisfy
of .
= =1,2,...
axz >\ 7 ? ) 3 7

n

for some real \. With the additional condition g(z1,z2,...,z,) = 0, we have a
system with n + 1 equation and n + 1 unknowns (including A). Once we solve
the system and examine the solutions, which gives us the local minima of f, we
need to see what happens if one of x; is on the surface.

Consider the following simple example

Proposition 1.1.4. The maximum and minimum of acos(¢) + bsin(¢p) are

a
+va? 4+ b? and are achieved when cos(¢) = +———.
v (0) =t

1.1.5 Exercises
Problem 1.1.1. Prove that for any three positive numbers a, b, and ¢ holds
a n b n c_ S 3
b+c a+c a+b 2

Problem 1.1.2. (IMO, 1983) Let a,b, and ¢ be the lengths of the sides of a
triangle. Prove that

a’b(a —b) +b*c(b— ¢) + c*a(c —a) > 0.
Problem 1.1.3. (Kvant, 1985) Prove that for any four positive numbers a, b, ¢,

and d holds
a b c d
> 2

b+c+c—|—d+d—|—a+a+b_ '

Problem 1.1.4. (IMO, 1995) Let a, b, ¢ be positive real numbers with abc = 1.
Prove that

1 n 1 n 1 >§
ad(b+c) b(ct+a) Ala+b) — 2

Problem 1.1.5. (Singapore MO, 2008) Prove that for all real non-negative
a, b, c holds
(1+a®)(1+b*)(1+c?) _ 1+abe
1+a)1+b)(1+c) — 2

Problem 1.1.6. (IMO, 1999) Let a, b, ¢ be positive real numbers so that abc =

1. Prove that
1 1 1
<a—1+) (b—l—i—) (c—l—i—) <1.
b c a




Problem 1.1.7. (IMO, 2001) Prove that for all positive real numbers a, b, c,

a b c

+ + > 1.
VaZz+8bc Vb2 +8ca 2+ 8ab

Problem 1.1.8. (IMO, 2004) Let r1,79,...,7, be real numbers greater than
or equal to 1. Prove that

1 1
+ +ot
7“1+]. 7‘2+1

1 n
> .
rn+1 7 Yriryoor, +1

Problem 1.1.9. (IMO, 1999) Let n > 2 be a fixed integer. Find the least
constant C such that the inequality

Zz,:cj (xf er?) <C <Z x1>

i<j

holds for any x1,xs,...,x, > 0. For this constant C, determine when equality
is achieved.

Problem 1.1.10. (Kvant, 1990) Prove that for any positive a,b,c no bigger

than 1 holds
a b c

<
bc+1+ca+1+ab+1_

Problem 1.1.11. (Bulgarian MO, 1997) Prove that for any positive a, b, ¢ with
abc = 1 holds

1 N 1 N 1 - 1 N 1 N 1
l4a+b 14b+c 14c+a 24a 24+4b 2+c¢

2.

Problem 1.1.12. (Singapore Training, 2009) If 21, z2, . .., 2, are positive real
numbers and n > 5, show that

3 3 3
x x T
3 ! 3 2 R 37" <n-1.
T + 2374 T5 + T3T4T5 Ty + X1T2T3

1.2 Polynomials

Arguably one of the most powerful tools at your disposal is the good knowledge
of polynomials and their properties. Let us start with a formal definition.

Definition 1.2.1. A polynomial P(z) of degree n is a function of x of the type
P(z) = apx™ + a1zt a4+ - 4 ag,

where the numbers a; are elements of a field, e.g. R, Q,Z or Z, and ag # 0.



One can look at a polynomial from the point of a linear combination of
the monoms 1, z, 22, ... and ascribe some combinatorial meaning to ajyz®. We
can think of it as a product of linear terms the way we think of an integer
and its divisor. Or we can thinkg of it as a real valued differentiable function.
Plynomials help bring combinatorics, algebra, geometry, and number theory
together and are an invaluable piece of our arsenal.

Proposition 1.2.1. (Fundamental theorem of algebra) Every polynomial with
complex coefficients of degree n has n complex root (counting multiplicity.) In
other words, any polynomial p(z) = apz™ + a;z” ! +--- + a, equals

ap(x —x1)(x —22) -+ (T — )
for some complex (not necessarily distinct) 1, za, ..., Zy.

Proposition 1.2.2. If a polynomial p(x) of degree no more than n takes the
same value ¢ for n + 1 different x;, i = 1,2,...,n+ 1, then p(z) = c.

Proposition 1.2.3. Partial differences reduce the degree of a polynomial by 1,
that is, di(x) = p(z) — p(x — 1) is of degree deg(p) — 1. In general, if we define
recurrently di(z) = di—1(z) — dg—1(x — 1), then

) =p(o) (ol =10+ (3 )plo =2 = oo (0Pp(o )

is of degree deg(p) — k and has the same senior coefficient as p*) (x).

This result can be used to prove an interesting result about polynomials with
real coeflicients who take integer values for integer z.

Proposition 1.2.4. If p(z) is a polynomial of degree n with real coefficients
and if p(k) € Z for all integer k, then p(x) can be uniquely represented as

o) =an+an(7) +aa(3) 4 an(7).

where ag, a1, ...,a, are integers.

Proposition 1.2.5. (Viet’s formulas) For every polynomial p(z) = 2" +a;2" '+
-+« 4 a, with roots x1,xa,...,x, (not necessarily distinct) hold the following
identities

ay = —(z1 + a2+ + )

ay = T12X2 + 123+ + Tp-1Tp

a = (—1)" > Tiy Tiy ** * T

0<i1<ia< - <1 <n
n
an = (—1)"x129 - XY

10



A very important observations is that there is a unique polynomial of degree
not exceeding n—1 and passing through any given n points (z1, 1), (z2,92), - -, (Tn, Yn)
for some 1 < x2 < ... < x,. The following clumsy formula, more important
for its claim of existence rather than for the exat polynomial, shows how this
polynomial can be found.

Proposition 1.2.6. (Newton’s interpolation formula) For any given real z; <

Zo,...,Z, and real or complex y1,¥y2, ..., Yn, the polynomial
- T —x;
p@)=> 11— u
=1 g Y1 Y

satisfies p(z;) = y; for i =1,2,...,n and degp(x) <n — 1.

The fact that this polynomial is unique is a direct consequence of proposition
1.2.2.
1.2.1 Integer polynomials and reducibility

We might wonder if an integer polynomial can be decomposed into integer poly-
nomials of lower degree. Such property is called reducibility. We can speak of
reducibility not only over Z, but also over any other field, e.g. Z,, where we
simply consider the coefficients modulo p. Here is a more formal definition.

Definition 1.2.2. A polynomial with integer coefficients p(z) of degree n > 1
is called irreducible over Z if there do not exist polynomials ¢(z) and r(x)
such that p(x) = ¢(z)r(z). Similarly, a polynomial is irreducible over Z, when
p(x) = g(x)r(z) (mod p) has no solution.

The following claim is the backbone of all proofs of irreducibility.

Proposition 1.2.7. If p(z) and ¢(z) are integer polynomials, ¢(z) with senior
coefficient 1, then there exist integer polynomials a(x) and b(z) such that p(x) =
a(x)q(z) + b(x) and deg(b) < deg(q).

Proposition 1.2.8. (Gauss’es lemma)
o Irreducibility over Z, implies irreducibility over Z.
e Irreducibility over Z implies irreducibility over Q.
A useful property when dealing with polynomials over Zy is the following:

Proposition 1.2.9. For any integer polynomial p(z) holds p*(z) = p(x?)
(mod 2).

Proposition 1.2.10. (Eisenstein’s criterion) If f(z) = ap,z" +a,_ 12" 1+ -+
a1 + ag is a polynomial with integer coefficients and if there exists a prime p
such that

11



(i) p divides a; for i =0,1,...,n— 1;
(ii) p does not divide ay;
(iii) p? does not divide aq,
then f(z) is irreducible.

Notice that if p(z) is reducible(irreducible), then so is p(x + 1), so this
trick can sometimes be used in conjunction with Eisenstein’s criterion to prove
irreducibility.

Corollary 1.2.1. The polynomial 1+ x + 2% + - - + 2P~ is irreducible over Z
for any prime p.

As a side note, we can talk about irreducibility not only over fields, but over
any set, as demonstraded in problem 1.2.11.

A very powerful technique for proving irreducibility is analysis of the roots
of a polynomial. For example, if 0 is not a root and only one of the complex
roots has modulus bigger than or equal to 1, irreducibility follows from the fact
that the rest of the complex roots cannot multiply up to an integer. See problem
1.2.1 for example.

1.2.2 Cyclotomic polynomials

The polynomial 2™ —1 can be decomposed into irreducible polynomials similarly
to the way n can be decomposed into primes. The “primes” in the world of
polynomials are called cyclotomic polynomials.

27i

Definition 1.2.3. For a given n, let w = e » . Then the polynomial

(k,n)=1
is called n-th cyclotomic polynomial.

Proposition 1.2.11. For every n, ®,(z) has integer coefficients, has degree
¢(n), and is irreducible over Z.

Proposition 1.2.12. For every positive integer n holds
" —1= H@d(:c).
d|n

Proposition 1.2.13. (Dirichlet’s theorem) For every integer a there exist in-
finitely many n such that an + 1 is prime.

12



1.2.3 Chebyshev’s Polynomials

Definition 1.2.4. A polynomial T,,(z) that satisfies T}, (cos(«)) = cos(n«) for
all « is called Chebyshev’s Polynomial of order n.

Proposition 1.2.14. Chebyshev’s polynomials can be defined recurrently as
follows:

o To(z) =1 and Ty (z) = z;
o Thi1(x) =22T,(x) — Ty—1(x) for all n > 1.
Proposition 1.2.15. T,,(z) € [-1,1] for all x € [-1,1]

The polynomials Th(z) = 222 — 1 and T3(z) = 423 — 3z in particular appear
often, yet sometimes in a “hidden” form, in many problems.

1.2.4 Exercises

Problem 1.2.1. (Singapore Training, 2009) Prove that the polynomial
plx)=a™ +52" "' +3
is irreducible for all n > 1.

Problem 1.2.2. (Leningrad MO, 1991) A sequence ag, a1, @z, - . . , ay—1 is called
p-balanced if all sums ap+akp+arrop+arysp+- - areequal fork =0,1,...,p—
1. Prove that if a sequence with 50 terms is p-blanaced for p = 3,5,7,11,13,17,
then all its terms are equal to 0.

Proposition 1.2.16. (Russian MO, 1992) Given are 2n different numbers
a1,a2,...,a, and by,bs, ..., b,. The entries of a given n x n table are filled
according to the rule: put a; + b; in the intersection of the ith row and the jth
column. For each column, compute the product of the numbers in it. Suppose
that those products are the same. Prove that the products of the numbers in
each row are also the same.

Problem 1.2.3. (USAMO) Points A;, A, ..., A, are picked on a circle with
radius 1 so that for any point M on the circle holds

|MA] - |[MAs|--- [MAy| < 2.
Prove that Ay, Ao, ..., A, are vertices of a regular n-gon.

Problem 1.2.4. (Romanian MO, 2001) Find all pairs (m,n) of positive inte-
gers, such that m divides ™ — 1 fora =1,2,...,n

Problem 1.2.5. (Polish MO, 1995) Let p > 3 be a given prime. Define the
sequence ai, as,... by a, =n forn=20,1,...,p—1, and a, = an—1 + an—p for
n > p. Determine the remainder of a,s modulo p.

13



Problem 1.2.6. (IMO SL) Let ag,ay,...,a,—1 be real numbers that sum up
to 0. Prove that if the cyclic sum

1
XC: ai(a; + aiq1) ... (@i + a1 + -+ + Gign—2)

is well defined, then it is equal to 0.

Problem 1.2.7. (IMO SL, 1996) Let P(z) be the real polynomial function,
P(z) = az® + bx? + cx + d. Prove that if |P(z)| < 1 for all x € [~1,1] then

la| + |b] + |c| + |d| < 7.

Problem 1.2.8. (IMO, 1988) Show that the solution set of the inequality
0
D iz
x—k
k=1

is a union of disjoint intervals, the sum of whose lengths is 1988.

W | Ot

Problem 1.2.9. (IMO SL, 1996) Let n be an even positive integer. Prove that
there exists a positive integer k such that

k=flx) (@+1)"+g(@) (2" +1)

for some polynomials f(x), g(x) having integer coefficients. If ky denotes the
least such k, determine kq as a function of n, i.e. show that kg = 29 where q is
the odd integer determined by n =¢-2",r € N.

Problem 1.2.10. (IMO, 2002) Find all pairs of positive integers m,n > 3 for
which there exist infinitely many positive integers a such that

a”+a—1
a®+a?—1

is itself an integer.

Problem 1.2.11. Prove the polynomial 1 + z + z2 + --- 4+ 2P~ ! is irreducible
over Rsr for any prime p, i.e. that it cannot be represented as the product of
two non-constant polynomials with non-negative real coefficients.

1.3 Sequences

When dealing with sequences, it is sometimes necessary to change the form.
Suppose ai,as, ... is some sequence defined in some way. It helps to consider
the following sequences

e {s,},n > 1where s, = a;+az+---+a, are the partial sums (i.e. integrate
the sequence)

14



e {d,},n >1whered, =a; and d,, = a,, —a,_1 for n > 1 (i.e. differentiate
the sequence)

1
e Put b, = — or some other transform that allows for an easier description

an
of b,,.

e Define the sequence backward, that is, define ag,a_1,a_s in a way that
preserves the properties or the recurrent relationship.

The following is a very useful identity between partial sums and differences

Proposition 1.3.1. (Abel)

a1b1 —+ a2b2 + 4 anbn = b1 — b2)111+

(

(bg — b3)(a1 +a2) + -+

(bp—1 —bp)(a1 +as+ -+ ap_1)+
bo(ar +az + - +ap)

1.3.1 Recurrent equations

Suppose that a sequence aq,as,as, ... is defined in the following way: the first
few terms are given, and after that every term is a function of the previous
ones. We shall say that the sequence is defined recurrently and shall call this
function recurrent equation. For example, the sequence {a,} defined by a; =1
and a, = an_1 *n for n > 2. This is a simple example, since this sequence has
a closed form, namely, a,, = n!. In general, such a form might not be available,
yet there is still hope to prove some propertes of this sequence.

Sometimes, in order to prove a claim A (especially by induction,) we want
to prove a stronger claim B. The same advice goes for iequalities, but there it
is obvious anyway. The reason I mention it here is that a stronger claim yields
more power in an inductive argument. For example, proving a,, > v/n + 1 might
not be easy using induction but proving the stronger a, > 1 + /n might be
doable.

1.3.2 Fibonacci

Consider the class of sequences where each term is a linear combination of a
fixed number of preceding sequences, that is

ap = ki1an_1 + kotp_o + -+ kijan_

for all n > [ and where the first [ terms determine the rest of the sequence.
There are a number of interesting properties that such sequences posses, but
since Fibonacci is the most famous example of such sequence, we can concentrate
on it.

Definition 1.3.1. The sequence Fi, Fy, ... defined as

15



o 1 =F=1;
o Fo=F, 1+ F, 2
is called Fibonacci’s sequence.

Proposition 1.3.2. For every n,
F, =aad™ + pb",
where (a, §) = (%, —¥2) and a and b are the roots of the polynomial 2? = z+1.

Proposition 1.3.3. For every n > 2,

F?2 | —F,F, o= (—1)"

Proposition 1.3.4. For any prime p there exists n such that p divides F,.

Proposition 1.3.5. For every n,

F, 1

Fn+1 1+ ﬁ ’
1+

—_———

n fractions

Proposition 1.3.6. (Bulgarian MO, 1997) The number of non-empty subsets
of S, ={1,2,...,n} which do not contain two consecutive numbers is F}, 1 — 1.

Problem 1.3.1. (IMO SL, 1992) Let {«} denote the fractional part of z. Pick
any z7 in [0,1) and define the sequence xy,xs,... by 2,41 = 0 if 2, = 0 and

1

Tpe1 = 4 — o otherwise. Prove that

+ T
n

T NV & A
T+t ., < —+—+... ,
L F,  Fy Frit

where F), is the n-th term of the Fibonacci sequence.

1.3.3 Binary representation
The following sequence a;,i > 0, is defined recurrently as follows:
1. start with ag = 0;

2. on each turn, invert the terms (0 to 1 and 1 to 0) that have already been
written and append it to the right.

The sequence starts with 0,1|1,0|1,0,0,1|1,0,0,1,0,1,1,0|1.... What makes it
special is not only its interesting definition, but also the following property.

Proposition 1.3.7. The number n has an odd number of ones in its binary
representation iff a,, equals 1.

You shall meet this sequence unexpectedly in various situations.
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1.3.4 The symbol {x}

Suppose that a is an irrational number and consider the sequence
n = {na}, n=0,1,2,...,

where {z} = 2 — |z] denotes the fractional part of . This sequence only takes
values between 0 and 1 and the values form an arithmetic series modulo 1, that
is, if we “solder” the ends of the interval [0, 1] to form a circle. So we can think
of the values of this series as a sequence of points Ag, Ay, Aa, ... on a circle with
circumference 1, defined as Ai/+1\Ai = Aj‘li\_l, (Aip1 # Ajq) for i =1,2,3, ...

Notice that these points never repeat, otherwise {mja} = {msa} for some
m1 # meo would imply that mia and moa differ by an integer and hence that a
is rational.

Proposition 1.3.8. For every 0 < z < y < 1 there exist infinitely many n such
that z < {na} < y.

Proposition 1.3.9. For every € > 0 and real z1, o, . . ., Tk, there exist infinitely
many n such that for every integer ¢ € [1, k] holds either {nz;} < € or {nx;} >
1—e

1.3.5 Best approximation to 1

Define the sequence a,,n > 1 as
(i) a1 =2
(i) ap=a2_; —ap—1+1forn>1;
This sequence has a number of interesting properties.
Proposition 1.3.10. For every n > 1 holds a,, = a@n—_10pn_2---a1 + 1;
Proposition 1.3.11. For every n holds

1 1 1 1
—+ 4+t —+ — =1
a1 as an  Qpg1 —1

Proposition 1.3.12. If by, bs,...,b, are positive integers such that
> e
pt b;

then

3

—_

L |
2 =2
=1 i=1

with equality holding iff b1,bs,...,b, are some permutation of a1, as,...,a,.
To prove, assume the contrary and use Abel’s transform.
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1.3.6 Catalan
A series Cy, C1, ... defined as
(i) Co=1;
(ii) Cp, =CoCpq1 + C1Cr—a+ -+ Cr_1Cp for all n > 1.

is called series of Catalan and can be explicitly written as

o 2n 2n \ (2:)
" \n n—1) n+1
Catalan’s series, (1,1,2,5,11,...) appears wherever the recurrent equation

above appears, which is the natural result of induction in many cases. Consider
for example the following propositions.

Proposition 1.3.13. Show that the number of possible triangulations of a
convex n-gon is equal to Cp,_o (i.e. the n — 2-nd term of Catalan’s series.)

Proposition 1.3.14. Consider all pathes (zg,y0), (1,¥1), .- (T2n, Y2n) in a
coordinate system starting at (0,0) and ending at (2n, 0), such that z;41 = 2;+1
and y;41 =y; £1fori =0,1,...,2n—1. Prove that the number of those pathes
that do not cross the z-axis (i.e. the ones where y; > 0 for all i) is equal to C,,.

There are multiple ways to prove the formula above, the most popular being
generating functions (see the relevant section in the text) and reflection across
the z-axis in the reformulation of Catalan’s series in proposition (1.3.14).

1.3.7 Exercises

Problem 1.3.2. (Bulgarian MO, 1995) Let = and y be two different real num-
n_ ,mn

bers. Prove that if ——— 2 is integer for four consecutive integer then it is

r—y
integer for all positive integer n.

Problem 1.3.3. (Russian Olympiad, 1978 and IMO, 1991) Construct a bounded
infinite sequence xq, 1, T2, ... such that

v — ;i —j] 2 1
for every pair of distinct nonnegative integers i, j.
Problem 1.3.4. (IMO, 1980) Define the numbers ag, a, ... in the following
way':
1 ai
G0 =5, G+l =a,+—= (n>1,k=0,1,...,n—1).
n

Prove that for all n holds
1—-—<a, <1
n
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Problem 1.3.5. For a given real a, prove that there exist infinitely many
integers x and y > 0 such that

Problem 1.3.6. (Kvant 1978) The sequence ¢, ca, . .. is defined as ¢; = 2 and
3
Cn+1 = \‘;nJ for all n > 1. Prove that

(i) There are infinitely many odd and infinitely mane even numbers in this
sequence;

(ii) The sequence a, = (—1)°" is not periodic;
. 3\"
(ili) There exists a number v such that ¢, = 3) 7 + 1 for every n.

Proposition 1.3.15. Given two postivie numbers a and b, the sets A and B
are defined as A = {|na| : n € N} and B = {|nb] : n € N}. We say that A and
B partition Nif AUB =N and AN B = (. Prove that A and B partition N iff
a and b are irrational numbers satisfying a + b = ab.

Problem 1.3.7. For a given n, find the number of sequences of non-negative
integers ag, ai,ai, ..., as, which satisfy:

(i) ao = az, = 0;
(ii) a; —a;—y =1 fori=1,2,...,2n.
Problem 1.3.8. (IMO 1982)

(i) Given is an non-increasing sequence 1 = xg,x1,xa,.... Prove that there
2 2 2 2
) x x x T4
exists n such that =% + =L + =2 4 ... 4 Z2=1 > 3.9999;
ry T2 T3 Tn
(ii) Prove that there exists a non-increasing sequence 1 = xg, 21, Z2,... such
2 2 2
x x x Ty
that, for any n, =2 + =L 4 2 4 ... 4 Tl oy
I T2 X3 Tn

1.4 Analysis

It might sound ridiculous to those who went to college that we put section
Analysis under Algebra, but since none of you, readers, went to college and your
brains are still intact, we shall merily assume that analysis is part of algebra.

In one word, real analysis deals with analyzing real valued functions. Con-
sider such a function and let us inquire about its properties:

e How does it behave on a given interval? Does it decrease, stay constant,
jump up and down, spike, or is it not entirely defined?
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e How does it behave when x goes to infinity? Does it go to infinity itself,
and if yes, how fast?

e How steep is it at a given point?

Answering such questions is precisely the subject of Analysis.

1.4.1 Derivatives

My assumption is that you are already familiar with derivatives, but since this is
an important concept, I will run the risk of boring you by going quickly through
the basics.

Consider the function f(z) = 22 drawn below. It increases “faster and
faster” the larger = becomes. The way to quantify the speed of increasing is
to consider the slope at a given point (zg,y0). We might take x1 ~ zy and
y1 = f(x1) and consider the ratio

y1—Y% _ Ay

1 —x9 Az’

but this will depend on the proximity of 1 to x¢y and on whether z; is higher
or lower than xq since f(x) = 22 has curvature. The right way to compute the
instantaneous slope of f is to consider the limit

. Y1 — Yo
lim _—,
r1—=xo L1 — X

and if this limit happens to exist, no matter how x; approaches xg, then this
limit will be the slope of f at xg and we shall denote it by f’(z¢). If we can
compute it for all o in some interval, we can construct the function f’(x) which
tells us how f(x) behaves — whether it increases (f’ > 0,) decreases (f’ < 0,)
stays constant (f’ = 0,) or maybe increases at a constant rate (f’ = ¢ for some
constant c.)

Yo
Zo X

Y
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1.4.2 Convergence

Consider a series ai,as,... and the question: “does the a; converge to any
number”? The question is natural, but before we can answer it for any sequence,
we need a stricter definition of convergence.

Definition 1.4.1. We shall say that a;,as,... converges to c if for any € > 0
there is a number ng such that |a, — ¢| < € for all n > ny and shall denote
convergence in the following way:

lim a, =c.
n—oo
This definition might sound confusing, so here is what it really means: c is
such a number that no matter how small a circle you draw around it, after some
point, all a; move inside it and never escape from there. In the above definition,
a; might be real as well as complex, and the definition could be naturally be
expanded to allow ¢ = +o0.
Here are some criteria for convergence.

Proposition 1.4.1. If aj, as, ... is a bounded monotonic sequence (either non-
decreasing or non-increasing and bounded between two constants,) then a; con-
verges.

We might wonder about convergence of a series, that is, an infinite sum.

Definition 1.4.2. We shall say that the series a; + as + - -+ converges if the
partial sums s, = a1 + as + - - - + a, converge.

Proposition 1.4.2. If lim,,_,o, a, = 0, then the series a; —as + a3 —aqg + - - -
converges.

Proposition 1.4.3. The following series converge

1 1 1
* T3
111

1+ 2a + 3a® + 4a® + - - for all |a| < 1;

2 28

X
1+i+§+§+ forallx;

G
.E:O%+DM’

n>0

The followong series diverge (i.e. do not converge)

L
[ ] —_ _ et
2 "3 ’
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Problem 1.4.1. (IMO, 1985) For every real number z, construct the sequence

1, T2, ... by setting:
1
Tpnt1 = Tp, <xn + ) .
n

Prove that there exists exactly one value of 1 which gives 0 < x,, < xp41 <1
for all n.

1.5 Functional equations

Often times, a function is given and something is asked about its properties.
Conversely, functional equations are problems where some properties of an un-
known in question function are listed. Problems of this kind generally sound
like: Find all functions f: A — B that satisfy some conditions.

1.5.1 Basic techniques

There are a number of techniques that can set the ground for a solution.
The first thing to do is to identify some general properties of f: A — B.

injective Different points in A map to diferent values in B, i.e. f(z) = f(y)
implies x = y.

surjective(onto) Every value in B is the image of some point in A, i.e. for
any y € B there exists © € A such that f(z) = y.

bijective(one-to-one) A function that is both injective and surjective.

Next, try to play with the properties by putting certain values for x or y,
setting « =, swapping x and

e If possible, try putting = 0 or some other value, or try x = xg s.t.
f(xo) = 0 when f is surjective. The purpose is to clear as many unwanted
terms as possible;

e Try replacing substituting f(x) or a similar expression for z, especially
when f(f(z)) is known to be “nice”.

e Try swapping « and y when one of the sides of the equation is symmetric.

e Try fixing = or y and varying the other variable. Once you discover some
nice property, substitute back in the previous equation (before having fixed
x or y).

o If fo(z) is an obvious solution, consider g(z) = f(z) — fo(x) or g(z) =

f(x)
fo(z)

e Try to find a fixed point, that is, z¢ such that f(xg) = xo.

and prove that g(z) = 0 or g(x) = 1 respectively.
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Definition 1.5.1 (Cauchy’s functions). Functions f : Q — Q satisfying the
following equation are called Cauchy’s functions:

flx+y) = fx)+ f(y).

Apparently, all functions of the type f(z) = ax for a given integer constant a
are Cauchy’s functions.

1.5.2 Exercises

Problem 1.5.1. (Winter Competition, Bulgaria, 1996) Find all functions f :
Z — 7 such that

3f(x) =2f(f(x)) ==

for all integer .

Problem 1.5.2. (Tournament of Towns, 1997) Prove that there does not exist
a function f:R — R such that f(f(z)) = 22 — 1997 for every .

Problem 1.5.3. (IMO SL, 2000) Find all pairs of functions f,g : R — R such
that f (z + g(y)) = 2f(y) — yf(x) + g(x) for all real z,y.

Problem 1.5.4. (Vietnam MO, 1999) Let S = {0,1,2,...,1999} and T =
{0,1,2,...}. Find all functions f : T — S such that

(i) f(s)=s forall seS;
(ii)) f(m+n) = f(f(m)+ f(n)) for all m,n € T.
Problem 1.5.5. (Balkan MO, 2000) Find all functions f : R — R such that

faf(@)+ f) = f*(@) +y
for all z,y € R.

Problem 1.5.6. (IMO SL, 1996) Let f be a function from the set of real
numbers R into itself such for all real  we have |f(z)| <1 and

13 1 1
f<x+42>+f(x)—f<:r+6>+f<x+7>.
Prove that f is a periodic function (that is, there exists a non-zero real number

¢ such that f(z + ¢) = f(x) for all real z.)

Problem 1.5.7. (IMO, 1977)(*) Let f : N — N be a function satisfying the
inequality f(n+ 1) > f(f(n)) for all n € N. Prove that f(n) =n for all n.

Problem 1.5.8. (IMO, 1982) The function f(n) is defined on the positive inte-
gers and takes non-negative integer values. Also, f(2) =0, f(3) > 0, f(9999) =
3333 and for all positive integers m,n holds

F(m+n) = f(m) - f(n) =0 or 1.
Determine f(1982).

23



Problem 1.5.9. (IMO, 1983) Find all functions f : RT — R™ satisfying

ff(y) =yf(z)

for all z,y € RT and f(z) — 0 as 2 — oo.

Problem 1.5.10. (IMO, 1986) Find all functions f defined on the non-negative
reals and taking non-negative real values such that: f(2) = 0, f(x) # 0 for
0<x<2 and for all z,y >0

ffW)fy) = flz+y).

Problem 1.5.11. (IMO, 1987) Prove that there is no function f from the set
of non-negative integers into itself such that f(f(n)) =n + 1987 for all n.

Problem 1.5.12. (IMO, 1990) Let Q* be the set of positive rational numbers.
Construct a function f: Q% — Q% such that

for all z,y in QT.
Problem 1.5.13. (IMO, 1992) Find all functions f : R — R such that

F(@@+ W) =y + (f(2)° for all z,y € R.

Problem 1.5.14. (IMO, 1993) Determine if there exists a strictly increasing
function f : N — N with the following properties:

(i) f(1) =2
(ii)) f(f(n)) = f(n)+n for all n € N.

Problem 1.5.15. (IMO, 1994) Let S be the set of all real numbers strictly
greater than —1. Find all functions f : S — S satisfying:

(i) flz+ fly) +2f(y) =y + f(z) +yf(e) for all 2,y in S;
@y 12

Problem 1.5.16. (IMO, 1996) Let Ny denote the set of nonnegative integers.
Find all functions f : Ng — Ny such that

fm+ f(n)) = f(f(m)) + f(n) for all m,n € Ny.

Problem 1.5.17. (IMO, 1998) Determine the least possible value of f(1998)
where f is a function from the set N of positive integers into itself such that for
allm,n eN

is strictly increasing on the intervals —1 < z < 0 and 0 < =z.

f(n2f(m)) =m(f(n))*.
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Problem 1.5.18. (IMO, 1999) Find all functions f : R — R such that

flz—f(y) =f(fly) +2f(y) + f(z) -1

for all z,y € R.
Problem 1.5.19. (IMO, 2002) Find all functions f : R — R such that

(f(@) + £(2) (f(y) + F () = [y — 2t) + f(at + y2)

for all real x,y, 2, t.

1.5.3 Euler’s formula

Euler’s formula and the hyperbolic functions have little direct applications in
IMO problems, but a competitor must know about them. It is not impossible
for one to come up with an original solution using the concept of hyperbolic
functions. Here we present the basics in brief.

Consider the expansion

22 28

R z
The series on the right converges not only for all real z but also for any complex
number too. This makes it quite convenient to define e’*, and from there the
extention of the definition to a® — raizing a positive number to a complex degree
— becomes quite natural.

Definition 1.5.2. For every x € R, define ¢® as follows:

i iv  (iz)?  (iz)?
EIT T Ty

4+

Proposition 1.5.1. (Euler’s formula) For every « € R holds

e'” = cos(x) + isin(x).

Definition 1.5.3. Hyperbolic cosine and sine are defined as

x —Z
cosh(z) := % = cos(ix)
sinh(z) := % = —isin(iz)

Proposition 1.5.2. (Pythagorean Theorem)

cosh?(z) — sinh?(z) = cos?(z) + sin?(z) = 1.
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1.6 Complex numbers

Complex numbers are defined as a linear combination of 1 and 7 in real numbers,
that is  + yi, and can thus be looked at as 2-dimensional vectors. Complex
numbers addition is defined as vector (or a point in the xy-plane) and multipli-
cation is defined by stipulating i = —1.

Since a complex number z is a point in the zy-plane, it can be described
through its real and imaginary parts (x and yi respectively), or by its distance
from 0 and direction with respect to the real line:

z =2+ yi = r(cos(f) + isin(P)),

where r = /22 4+ y2? and tan(d) = Y when z # 0. The number r is referred
x

to as modulus and 6 is called argument. The common notation is r = |z| and

0 = arg(z).

Proposition 1.6.1. When complex numbers are multiplied, their arguments
“add” and their moduli “multiply”, that is:

o arg(z129) = arg(z1) + arg(z2);
* |2122] = |21][22]-

Definition 1.6.1. The conjugate of a complex number z = a + bi is defined as
the number
zZ=a—bi.

Proposition 1.6.2. For any complex z; and zs, the following identities hold
o 14l = |al;
® 1%y = Z1%2;
® Z1+ 2 =2+ 2.

In competitions, we use complex numbers either in geometry (usually as a
last resort) or in combinatorics (usually the roots of 1). They have their nice
applications in certain number theory problems as well, but no such problems
seem to appear on IMO.
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Chapter 2

Geometry

2.1 Basics

2.1.1 Triangle and quadrilateral

Proposition 2.1.1. For a given triangle AABC, put a = BC,b = AC, and
v =/LACB. Then
absin(vy)

5
Proposition 2.1.2. For a given convex quadrilateral ABCD, let the diagonals
have lengths a and b and let the angle between them be . Then

SaaBc =

absin(vy)
—

Theorem 2.1.1. (Pascal’s Theorem) Let Ay, As, ..., Ag lie on a circle!. Prove
that the following points(, intersections of the segments or their continuations,)
are collinear:

Sapcp =

P=A1A3N AyAg
Q = AgAg N AsAs
R = A1A4 n A2A5
Theorem 2.1.2. (Menelaus’ theorem) Given are a triangle ANABC and three
points A1, By,Cy lying on the lines BC, AC and AB respectively. The three
points A1, B1,Cy are collinear iff
BA, CBy AC; _
AC BiA CiB

XV
where the ratios vy ore to be taken with sign + or — depending on whether V.

lies inside or outside the segment XY .

IThe theorem is valid for an ellipse as well
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Theorem 2.1.3. (Ceva’s Theorem) Given are a triangle AABC and three
points Ai, B1,Cy lying on the lines BC, AC' and AB respectively. The lines
AAy, BBy and CC1 intersect at a point iff

BA, OBy ACi _,
AC BA CB

)

XV
where the ratios —— are to be taken with sign + or — depending on whether V

lies inside or outside the segment XY .

Proposition 2.1.3. (Ceva’s Theorem — sine form) Given are a triangle AABC
and three points Ay, By, C1 lying on the lines BC, AC and AB respectively. The
lines AA,, BB, and C'Cy intersect at a point iff

sin(/BAA;) sin(£LCBB;y) sin(LACCY)

sin(ZA; AC) sin(£ZB;BA) sin(£C,CB) =1

where the angles are directed.

Proposition 2.1.4. (Carnot’s theorem) Let Ay, By, Cy lie on the sides (or their
continuations) BC, AC, AB of a triangle AABC. Prove that the perpendiculars
to BC, AC, AB through Ay, By, C; respectively meet at a point iff

AB? — B,C? + BC? — C1A? + CB? — B, A% =0.

Proposition 2.1.5. If AB and CD intersect at a point M (either external or
internal to AB and CD at the same time,) then MA- MB = MC - M D if and
only if A, B,C, D are concyclic.

Proposition 2.1.6. If the altitude from C' meets the circumcircle of AABC
secondarily at C7, then C is symmetric to H with respect to AB; as a conse-
quence, the circumcircles of AABH and AABC have the same radius.

Proposition 2.1.7. If the incircle of AABC touches AB at point T, then
AT — AB+ AC — BC

2

2.1.2 Vectors and barycentric coordinates

For our purposes, we shall think of vectors as m-tuples of real numbers (i.e.
elements of R™) and shall define several operations in the vector space. If
da= (a1,as,...,a,),a; € R and b= (b1,ba,...,b,),b; € R are any two vectors
in R™ and A is a real number, we shall define

Vector addition @+ b = (a1 +b1,a0 +bay ... ap + by);
Multiplication with a number \d = (Aaj, Aag, ..., Aay,);

Dot product a - b= arby + asby + -+ - + anb,.
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Notice that the dot product is a number, not a vector. Geometrically, we can
think of the vector @ as the set of all directed segments XY in R™, where the
coordinates x1,x2,...,T, of the endpoint X and yi,ys,...,y, of the point Y
satisfy y; —x; = a; fort=1,2,...,n.

The lenght of a vector is defined as |@| = Vd - @, which is a positive number for
any vector except the zero vector.

Proposition 2.1.8. For any non-zero vectors @ and b holds

St
S

1< —— <1
|allb]

with equality on the right(left) holding when there exists a positive(negative)
number A such that @ = Ab.

Definition 2.1.1. The angle between @ and b is the (only) number ¢ € [0, 7]

o0
such that cos(¢) = %.
|al[b]

Proposition 2.1.9. In R? the angle between two vectors (defined above) is
the same as the geometrical angle between their directed segments. In other

words, if « denotes the angle between /@ and ﬁ, then
AB.CD = AB-CD cos(a).
Proposition 2.1.10. (Cosine theorem) For any triangle AABC,
AC? + AB? — 2AC - AB cos(£/CAB) = BC?.

Proposition 2.1.11. Given n points M;, Ms, ..., M, in space, the point that
minimizes the sum MM? + MM3 + --- + MM? is the center of gravity of
My, My, ..., M,. In particular, the point M in the plane that minimizes M A%+
MB? 4+ MC? for a given triangle AABC is its centroid.

When we use vectors, we often want to express the condition that a point P
lies on a line AB. In vector notation, that is equivalent to finding a real A\ such
that OP = AOA + (1- A)O_B. The following proposition helps us classify the
location of P with respect to the points A and B.

Proposition 2.1.12. If for some A € R and points P, A, B holds OP = \OA+
(1 =X)OB, then P lies on the line AB and

e P is between A and B iff A € (0,1);
e P is outside AB and closer to A if A > 1;

e P coincides with A(or B) when A =1 (or A =0.)
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The notion of barycentric coordinates extends this idea. For each point P in
the plane of AABC, consider linear combination mP—1>4 + yﬁ + zP? . There is
at least one triplet that makes this combination equal to 0, ant that is the trivial
x =y = z = 0. Since this is of little information, we consider triplets where at
least one of x,y, and z is not 0. If (z,y, z) is such, then aparently (3z, 3y, 32)
and (—z, —y, —z) also works, so we shall deem them the same. We call (z,v, 2)
homogeneous coordinates, where by homogeneos we mean that coordinates that
are proportional to each other are virtually the same.

Definition 2.1.2. The homogeneous coordinates (z,y, z) for which
H —
xPA+ yﬁ + zﬁ =0

are called barycentric coordinates of P with respect to AABC.

Proposition 2.1.13. For each point P and triangle AABC, there are unique
barycentric coordinates of P with respect to AABC, which do not sum up to
zero. The barrycentric coordinates of

e the vertices A, B, and C are (1,0,0), (0,1,0), and (0,0, 1) respectively;
e all points on the side AB are (z,1 — z,0) for some z € [0, 1].

e all points inside the triangle AABC' are positive;

e the centroid are (1,1,1);

e the orthocenter are (tan(«),tan(8), tan(7));

e the circumcenter are (sin(2a),sin(24), sin(2v));

e the incircle are (sin(a), sin(f), sin(7)).

The trick to determining barycentric coordinates is based on the following
observation.

Proposition 2.1.14. If P has barycentric coordinates (z,y, z) with respect to
AABC, then the following ratio holds for the signed areas below

SapaB i SapPBc : SapcAa=2%:Y: 2,

where the sign of Saxyz is defined as + if XY, Z are in the same cyclical
direction as A, B,C (clockwise or counterclockwise) and sign — otherwise. In
particular, for points P inside AABC, all areas above are taken with sign +.

You are advised to run through the statements in proposition 2.1.13 and
see why they hold using the area principle. The reason we might want to use
barycentric coordinates in practice is that we can use them as a criteria for
whether three points are collinear.
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Proposition 2.1.15. Given a triangle AABC and points X,Y, Z with bar-
rycentric coordinates (1, x2, x3),(y1, Y2, Y3 ), and (z1, 29, z3) with respect to AABC
respecively, thre three points are collinear iff

ry T2 T3

y1 Y2 ys | =0.
Al Z92 Z3

Since the barycentric coordinates never sum up to zero, we can always consider
the triple which sums up to 1 (since barycentric coordinates are homogeneous.)
In that case, the above determinant equals the ratio of Saxyz and Saapc,
and its sign determines whether the orientation of AXY Z and AABC is the
same.

2.1.3 Pole, polar line, and radical axis

These are useful concepts with one or two useful properties each, which we list
here.

Definition 2.1.3. Let k£ be a circle and M be a point external to k. If the
tangets from P to k meet it at points M and N, then the line M N is called
polar line of P, and the point P is called a pole of M N.

Theorem 2.1.4. For any circle k and external points M and N, the polar line
of M contains N iff the polar line of N contains M.

Proposition 2.1.16. Given is a circle I" and four points A, B,C, and D on it
(in any order). If P = ABNCD and Q = AD N BC, then P lies on the polar
line of @) with respect to I' and similarly @ lies on the polar line of P.

Definition 2.1.4. The power of a point M with respect to a circle k is the
number p = MA- MB, where A, B € k and M € AB. From proposition 2.1.5
we know that it does not matter which exactly pair A, B we choose.

Definition 2.1.5. For any two non-concentric circles, the radical azis is defined
as the locus of all points that have the same power with respect to each circle.

Theorem 2.1.5. The radical axis of any two non-concentric circles is a line
perpendicular to the line through their centers. If the two circles happen to
intersect, then the radical azis passes through the intersection points.

Proposition 2.1.17. For any three non-concentric circles ki, ko, and ks, the
three radical axes of k; and ks, ko and k3, and k3 and k; intersect at a point.

2.1.4 Exercises

Problem 2.1.1. Let By and C; be points on the sides AC and AB of AABC.
The straight lines BB, and C'Cy intersect at point D. Prove that the quadri-
lateral AByDC} is circumscribed (in which a circle can be inscribed) iff the
incircles of AABD and AACD are tangent.

31



Problem 2.1.2. (Kvant, 1979) There are five points on a circle and for every
pair of points A and B among them a line perpendicular to AB and passing
through the centroid of the other three points is built. Prove that all 10 lines
pass through the same point.

Problem 2.1.3. (Kvant, 1999) A point inside an equilateral triangle is con-
nected with the vertices of the triangle and with the feet of the perpendiculars
from it to the sides. Thus, the triangle is split into 6 rectangular triangles, which
are painted in red and blue alternatingly. Prove that the sum of the inradii of
the blue triangles equals that of the red ones.

Problem 2.1.4. The diagonals AC' and BD of a quadrilateral ABCD are
perpendicular if and only if AB? + CD? = AD? 4+ BC?2.

Problem 2.1.5. Four squares with centers O;, 02, O3 and Oy are built ixter-
nally on the sides of a convex quadrilateral ABC'D. Prove that O103 1. O50;.

Problem 2.1.6. Given is a convex quadrilateral ABC'D and points P, Q, R,
and S on AB, BC,CD, and DA respectively such that

If U is the intersection of PR and )S, prove that

SU PU
— = Xand —

U0 UrR

Problem 2.1.7. Given is a quadrilateral AoByCyDy and points Aq,..., A, 1
on AgBg such that AgA; = A1Ay = --- = A,,_1 By for some even n. The points
B;,C;, and D; are defined analogously for i = 1,2,...,n. The lines A4;C,_;
and B;D,,_; divide AgByCyDy into n? small quadrilaterals wchich are painted
alternatingly in black and white like the squares of a chessboard. Prove that
the total area of the white squares equals that of the black squares.

Problem 2.1.8. (Winter Competition, Bulgaria, 2001) Points Ay, By, and C
are chosen on the sides of BC, C'A, and AB of a triangle AABC. Let G be the
centroid of AABC, and G, Gy, and G, be the centroids of AAB{Cy, ABA{CY,
and ACA;B;. The centroids of AA;B1C; and AG,GpG. are denoted by Gy
and G5 respectively. Prove that:

(i) G,G1, and G5 are collinear;

(ii) The lines AG,, BGy, and C'G, intersect at a point iff AA;,BB;, and CCy
intersect at a point.

Problem 2.1.9. (Bulgarian MO, 1995) Points Ay, By, C; are chosen on the
sides BC, AC, AB of AABC respectively so that AA,, BB;, and C'Cy meet at
a point M. Prove that if M is the centroid of AA;B{C then M is also the
centroid of AABC.
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Problem 2.1.10. Let P be a point inside the acute-angled AABC. Let X,Y, Z
be external to AABC such that PBXC, PCY A, PAZB are concyclic quadri-
laterals with perpendicular diagonals. If PB | XZ and PA 1 Y Z, prove that
P is the circumcenter of AABC.

Problem 2.1.11. (IMO, 2008) Let H be the orthocenter of an acute-angled
triangle AABC. The circle I'y centered at the midpoint of BC' and passing
through H intersects the sideline BC' at points A; and Asy. Similarly, define the
points By, By, (1, and Cs. Prove that the six points Ay, As, By, By, Cq, and Cs
are concyclic.

Problem 2.1.12. Let the incircle I of a triangle AABC with ZA = 60° meet
AB,BC, and CA at C1, A1, and Bj respectively. Define P =1T'NAA;, P # A;
and T € B1Cy such that APTI is concyclic. Find /T A;C}.

Problem 2.1.13. (Winter Competition, Bulgaria, 1996) The incenter of a
quadrilateral ABCD is denoted as O. The lines 4 1 OA,lp 1L OB,lc 1L OC,
and [p L OD are drawn through the points A, B, C, and D respectively. Let
K=lsnlg,L=IgNlc,M =lcNip,N =IlpNla.

(i) Prove that KM and LN meet at O.
(ii) If OK = p,OL = q,OM = r, find the length of ON.

Problem 2.1.14. (Winter Competition, Bulgaria, 1997) Let H be the ortho-
center of an acute triangle AABC. Prove that the midpoints of AB and CH
and the point of intersection of the internalbisectors of Z/CAH and ZCBH lie
on a line.

Problem 2.1.15. (Spring Competition, Bulgaria, 2001) Given is AABC and
points M, N, P interior to the angles ZBAC, ZABC, and ZACB respectively
such that

LMAB =/MCA and ZMAC = ZMBA
/ZNBA=/NCB and ZNBC = Z/NAB
LPCA=/PBC and LPCB = /ZPAC

Prove that the lines AM, BN, and CP meet at a point on the circumcircle of
AMNP.

Problem 2.1.16. (IMO SL, 1998) Let ABC be a triangle, H its orthocenter,
O its circumcenter, and R its circumradius. Let D be the reflection of the point
A across the line BC, let E be the reflection of the point B across the line AC,
and let F' be the reflection of the point C' across the line AB. Prove that the
points D, E, and F are collinear if and only if OH = 2R.

Problem 2.1.17. The diagonals of a conves quadrilateral ABCD divide it
into four triangles with incenters I, I, I3, and I;. Prove that Iy, I, I3, I, are
concyclic iff ABCD can be outscribed around a circle.
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2.2 Trigonometry

For those of you who (just like me) are devoid of any geometrical creativity,
the only way to master geometry and do well on competitions is to perfect
trigonometry. In doing so, almost every geometrical problem reduces to a 3-
page calculation and it is solely up to your speed to finish the problem within
the given time.

2.2.1 Formulas

Here is a list of trigonometric formulas that hold for all real « and 8. These are
the bread and butter of the non-creative geometrists and must be learned by
heart. Note that they easily derive from one another using the simple sin(«) =

T _

sin(m — a)) = cos(§ — «); still, you must have each one of them ready to fire.

sin(a + 8) = sin(«) cos(B) =+ sin(B) cos(a)
cos(a £ ) = cos(a) cos(3) F sin(a) sin(p)

sin(a) = 1- C(;S(Qa)
cos?(a) = 1+ c;s(2a)
sin(«) £ sin(f) = 2sin (a = 5) cos (a :; ﬂ)

e

2
cos(a) + cos(f) = 2 cos ( ;ﬂ) cos <a ; ﬂ)
cos(a) — cos(B) = 2sin <a +5
tan(a) + tan(5)
1 — tan(«) tan(p)
cot() cot(8) — 1
cot(a) + cot(pB)

~——
@,
=)
A/~
=
||
Q
~——

tan(a + B) =

cot(a+ B) =

If  denotes the radius of the incircle, R of the circumcircle, S is the area, p
is the semi-perimeter, and 2«, 23, 2 are the angles of AABC with sides a, b, c,
then
r = 4Rsin(«) sin(8) sin(7y)

S=vplp—a)p—b)(p—oc)
b

Cc

2R = sin(a) - sin(f3) - sin(7y)
tan(2a) + tan(28) + tan(2vy) = tan(2«a) tan(28) tan(2y)

sin(2«) + sin(28) + sin(2v) = 4 cos(a) cos(B) cos(7)
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In the process of wild computations, make sure that you veryfy your calcu-
lations on every line by setting a = 8 = v = 30° if the case permits. This way,
the left and the right side become very easy to compute and that can in turn
help you avoid a potential error in your calculation. The importance of this
point cannod be stressed enough. The same advice goes for calculations with
complex numbers.

2.2.2 Exercises

Problem 2.2.1. (Winter Competition, Bulgaria, 1997) Given is a triangle
AABC such that ZABC > 60° and ZBAC > 60°. Let BL,(L € AC) be
the internal bisector of ZABC and AH,(H € BC) be the altitude from A.
Find ZAHL if /BLC =3/AHL.

Problem 2.2.2. The externally inscribed circles of AABC to the sides AB, BC,
and CA meet CA,CB, AB,AC, BC, and BA at Cy,C5, A1, Ao, By, and Bs re-
spectively. Let Po = A1AsN BBy, P4 = B1BoNC1Cy, and Pg = A1 AoNCLCs.
Prove that AP4, BPg, and CPc meet at the circumcircle of APy PgPe.

Problem 2.2.3. (Bulgarian MO, 1996) Given is a convex quadrilateral ABCD,
for which ZABC + £ZBCD < 180°. The lines AB and CD meet at point E.
Prove that ZABC = ZADC iff

AC?=CD-CE — AB- AE.

Problem 2.2.4. (IMO SL, 1998) Let AABC be such that ZACB = 2/ABC.
Let D be the point on the side BC such that C'D = 2BD. The segment AD is
extended to E so that AD = DE. Prove that

ZECB +180° = 2/EBC.

2.3 Complex numbers

Given a coordinate system, every point in the plane corresponds to a complex
number called affiz of such point. Since every geometrical object can thus be
represented in terms of complex numbers, we can prove geometrical identities
analytically. On top of that, orientation is not a problem for complex numbers
the way it is for trigonometry, since numeric identities don’t really care about
orientation (e.g. on which side of the quadrilateral the opposite sides meet.)

Let us see how the basic geometrical properties, collinearity, and perpendic-
ularity are expressed in terms of complex numbers.

Proposition 2.3.1. The points A, B, C lie on a line iff their affixes a, b, ¢ satisfy

a—c a —

b—c b—¢
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Proposition 2.3.2. The line AB is perpendicular to C'D iff the affixes a, b, ¢, d
satisfy ~
a—b a-—b

c—d  é—d

Since conjugation makes things messy, it really helps to have as many points

as possible on the unit circle, where £ = — holds. In that sense, the first thing

to do when setting up a problem to solve 11;1 complex numbers is to position our
triangle AABC' in the unit circle. It might help to rotate in such a way that
a = 1, which might further simplify things, but the downside is that we lose the
symmetry among a, b, and c.

Determining the intersection of AB and C'D means sloving a system of two
equations, namely Z € AB and Z € CD with two unknowns, namely z and Z.
Again, things look much nicer when A, B, C, D lie on the unit circle than when
they are arbitrary points.

Proposition 2.3.3. If a,b, ¢, d are the affixes of A, B,C, D on the unit circle,
then the affix of Z = AB N CD satisfies

_ (a+b)ed — (c+ d)ab
- cd — ab ’

It is also helpful to know the intersection of two lines tangent to the unit
circle at points A and B in case the unit circle is the incircle of a given triangle
(as opposed to the more common case when we inscribe our triangle inside the
unit circle.)

Proposition 2.3.4. If the tangents from an external point Z to the unit circle

meet it at A and B, then
2ab

a+b

The last construction that occurs often enough to warrant its formula listed
here is the foot of a perpendicular dropped from a point to a chord in the unit
circle.

Proposition 2.3.5. If A is a random point and BC'is a chord in the unit circle,
then the affix of the foot of the altitude from A onto BC'is

a+b+c—bca
—

Proving collinearity with complex numbers is messy in general and relies on
the first two propositions stated earlier, yet concurency (three lines at a point) is
a bit neater. If we want to prove that three symmetrically defined lines meet at
a point, all we have to do is cross two of the lines and show that the expression
for the point of intersection is symmetric with respect to, say, a,b,c. Then
automatically every two of the three lines would meet at the same point. It
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might come handy to use the symmetric polynomials when the computations
become unwieldy:

p=a+b+c
q=ab+bc+ ca
r = abc

A good example where that would come to work the proof of Pascal’s Theorem
(see 2.1.1).

Proposition 2.3.6. The following points have the following affixes

circumcenter O : 0 =0

b
centroid G : g = %
orthocenter H : h=a+b+¢
b
center of Euler’s circle F : e = #

incircle I : messy

One hint is to never set the circumcircle as the unit circle when the incircle
is present; instead, one should set the incircle as the unit circle and consider the
triangle outscribed around it.

2.3.1 Exercises

Problem 2.3.1. (Singapore Training, 2009) Let ABCD be a cyclic quadrilat-
eral and let the points K, L, M, N be the midpoints of the sides AB, BC,CD,
and DA respectively. Show that the orthocenters of the four triangles AAKN,
ABKL, ACLM, and ADMN are the vertices of a parallelogram.

Problem 2.3.2. (Butterfly theorem) Let M be the midpoint of a chord AB in
a circle. Let the chords CD and E'F meet at M and let FC and ED meet AB
at P and @ respectively. Prove that PM = QM.

Problem 2.3.3. Given is a regular n-gon AgA;As - -+ A,_1 inscribed in a circle
of radius 1. Prove that AgA; - AgAs -+ AgA,—1 = n.

Problem 2.3.4. Let ABCD be inscribed in a circle with center O and let
P=ABNCD,Q=ADNBC, and H= ACNBD. Prove that OH 1 PQ.

Problem 2.3.5. (IMO SL, 1998) Let ABCDEF be a convex hexagon such
that /B + /D + ZF = 360° and

AB CD EF _

BC DE FA -
Prove that

BC AE FD _

CA EF DB '
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Problem 2.3.6. (Bulgarian MO, 1996) The quadrilateral ABCD is inscribed
in a circle. The lines AB and C'D meet at point F, and the diagonals AC and
BD meet at F'. The circumcircles of AAFD and ABFC meet again at point
H # F. Prove that ZEHF = 90°.

Problem 2.3.7. (IMO SL, 1998) Let ABC be a triangle with ZA = 90° and
/B < ZC. The tangent at A to its circumcircle w meets the line BC at D. Let
FE be the reflection of A across BC, X the foot of the perpendicular from A to
BE, and Y the midpoint of AX. Let the line BY meet w again at Z. Prove
that the line BD is tangent to the circumcircle of AADZ.

Problem 2.3.8. Let AABC be a non-equilateral triangle with circumcenter
O, center of gravity G, and orthocenter H, and let F' be symmetric to O with
respect to the midpoint of GH. Consider three points A, B1,Cy on the sides
BC,CA, and AB respectively such that AA; B1C; ~ AABC. The lines through
A, B,C that are parallel to B1C1, C1 A1, and A;B; respectively intersect at
Cy, As, Bs respectively. Prove that A1 As, B1 By, and C1Cy intersect at a point
S such that SF — SO = GH.

2.4 Various transforms

When a geometric problem looks too complicated, it might help to change the
sketch by moving each point to a new place according to some rule in the hope
that the new configuration will be easier to tackle.

Such a rule is called a transform, which is just a function defined on the
plane. It simply takes a point as an argument and moves it to another point.

2.4.1 Linear transforms

A transformin R™, that is, a transform defined as f(x) = Ax + b for all vecotrs
(points) z € R™ for some fixed matrix A and vector b is called linear(affine).
Not all linear transforms are of interest to us, but the following ones in R? prove
very helpful on occasion.

Definition 2.4.1. A transform #(@) which sends point A to a new point A’
such that AA’ = @ for some fixed @ is called translation. In the complex plane,
translation is given by a function f(z) =z + a.

Definition 2.4.2. A transform A(O,\) which sends any point A to a new
point A’ on the ray OA™ such that OA’ = MOA is called homothety with center
O and coefficient A. In the complex plane, homothety is given by a function
f(x) = Az — ¢) + ¢, where c¢ is the affix of the point O and A is a real number.

Definition 2.4.3. A transform (O, ) which sends any point A to a new point
A’ such that OA’ = OA and the directed angle ZA'OA = « is called rotation
with center O and angle. Any rotation preserves lengths, angles, and incidence.
In the complex plane, rotation is given by a function f(x) = w(z — ¢) + ¢ where
¢ is the affix of the point O and w = e'“.
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Problem 2.4.1. Angles and incidence (e.g. whether two lines cross at a point
or not) are preserved under translation, homothety, and rotation. In addition,
lengths are preserved under translation and rotation.

Problem 2.4.2. If h; (O, A1) and ha (O3, \2) are homothetys, then h = hy o hy
is also homothety with center O € 0105 and coefficient A = Aj As.

Problem 2.4.3. If r1 (O, 1) and r2(O2, ag) are rotations, then r = rq o7y is
also a rotation with angle o = a1 + ao.

2.4.2 Orthogonal projection

Given a configuration in the plance, we can project orthogonally the whole
plane onto another plane. There are a number of nice propoerties of orthogonal
projection: Notice that

e Incidence is preserved, in other words, objects that intersect also intersect
in the projection;

e Ratios on a line are preserved, that is, if A, B, C' are different and collinear,
then their images A, By, are also different collinear and AB : BC =
AlBl . B1C’1.

While orthogonal projection might be the most natural, we are not bound
to projecting orthogonally — we can do the opposite and project onto a slanted
plane. Why would we want to do that? For example, we might project a given
triangle into an equilateral one, so any geometrical statement about areas or
ratios on lines in a triangle need only be proven for equilateral triangles for
example. Or we might project into a rectangular triangle.

For example, in order to prove Menelaus’ theorem, we might project the
given triangle into a different plane into a equilateral triangle preserving the
ratios in which the points Ay, By, C1 split the sides of the triangle. In an equi-
lateral triangle, trigonometry becomes a song. Really powerful tool, right?
Unfortunately, it all falls apart as soon as a circle is introduced, since circles
transform into ugly elipses. Orthogonal projection is best used when there are
only lines, ratios, and areas involved in a problem.

The following interesting fact is also useful for proving two distances are the
same.

Proposition 2.4.1. Let [, m be two non-parallel lines, and let AB, C'D be two
arbitrary segments. If the orthogonal projections of AB and C'D onto [ are
equal, and if the orthogonal projections of AB and C'D onto m are equal, then
AB=CD and AB || CD.

2.4.3 Inversion

Definition 2.4.4. A transform i(O,r?) in R” which sends any point A4 # O
into a point A’ on the ray OA™ such that OA - OA’ = r? is called inversion
with center O and radius .
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Any inversion that sends A to A’ sends A’ back to A (hence the name
inversion,) and the fixed points of the inversion form a sphere of radius r around

0.

Proposition 2.4.2. Under inversion (O, ), lines passing through O stay in
place and lines not passing through O transform into circles though O.

Proposition 2.4.3. Angles between lines(planes) and circles(spheres) are pre-
served under inversion.

Proposition 2.4.4. If M’ and N’ are the images of M and N under inversion
i(O,7?), then
9 MN

I AT
M'N' =r OM ON

2.4.4 Isogonal points

Definition 2.4.5. For a given triangle ABC, two points P and () are said to
be isogonal if the angular bisectors to LA, ZB, and ZC also bisect the angles
/PAQ, /PBQ, and ZPCQ respectively.

Sine Ceva Theorem guarantees that every point has a unique isogonal image
(which might be the same point as in the case of the incenter and the outcenters).

2.4.5 Exercises

Problem 2.4.4. The perpendicular from the center of a circle k to an external
line [ crosses k at D. Let P and Q be arbitrary points on [ and let P’ = PDNk
and Q' = QD Nk be different from D. Prove that the circumcenter of AP'Q’'P
lies on k iff PQ = P'Q’".

Problem 2.4.5. Prove Ptolemy’s inequality (Proposition 2.6.1).

Problem 2.4.6. Prove Pascal’s theorem (Theorem 2.1.1). (Hint: consider
isogonal points.)

Problem 2.4.7. (Tournament of Towns, Spring 2000) The chords AC and BD
of a circle with center O intersect at the point K. The points M and N are the
circumcenters of AAK B and ACKD. Prove that OM = KN.

Problem 2.4.8. (Bulgarian MO, 1999) The vertices A, B,C of AABC lie on
the sides BlCl, AlCl, and AlBl of AAlBlCl and

LABC = LA1B:Cy
/BCA=/B1Ci1 4
LCAB = £C1 A1 By

Prove that the orthocenters of AABC and A A, B;C1 are equally distanced from
the circumcenter of AABC.
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Problem 2.4.9. (Tournament of Towns, Fall 2004) The rays OA™,0C~, OB,
and OD™ are drawn in this order so that ZAOB = ZCOD. Circles inscribed
in ZAOB and ZCOD meet at points E and F. Prove that ZAOFE = ZDOF.

Problem 2.4.10. Given are circles k and k' inside of k. It is known that there
exist circles ko, k1, k2, ..., kn_1 such that k; is tangent to k, &', k;_1, and k;iq
fori=0,1,...,n—1 (the indices are taken modulo n.) Let ¢y, ¢1,... be a series
of circles such that ¢; touches k, %', and ¢;_; for ¢ > 0. Prove that ¢, = cg.

Problem 2.4.11. (Russian Olympiad, 2001) Given are a tetrahedron SABC
and a sphere through A, B and C whose center lies in the plane ABC and which
intersects the edges SA, SB, and SC a second time in the points Ay, By, and Cy
respectively. The tangent planes to this sphere at points A, By, and C intersect
at O. Prove that O is the circumcentre of the tetrahedron SA;B{CiD;.

Problem 2.4.12. Given is AABC with ZB = 60°. The incircle of the triangle
meets AB at T and Cy # C is such that T is the midpoint of CC;. If the
perpendicular bisector of BC7 meets the angular bisector of ZA at A;, prove
that AA;BC is equilateral.

Problem 2.4.13. Let P and @ be internal to the acute-angled AABC so that
/PCA=/PAB=/PBC and /ZQAC =/QBA=/QCB.
Prove that

(i) the feet of the perpendiculars from P and @ onto the sides of AABC lie
on a circle centered at the midpoint of PQ);

(ii) if O is the circumcenter of AABC, then PO = QO.

Problem 2.4.14. (IMO SL, 1999) Two circles ; and 5 touch internally the
circle Q in M and N and the center of 5 is on{2;. The common chord of the
circles 0 and 5 intersects Q in A and B. M A and M B intersect € in C' and
D. Prove that C'D is tangent to (5.

2.5 Special points and objects

2.5.1 Euler’s line and Euler’s circle

Theorem 2.5.1. Given is a triangle AABC with orthocenter H and circum-
center O. Let H,, Hy, and H. denote the foots of the altitudes from A, B, and
C respectively and Ay, By, and Cy be the midpoints of BC, AC, and AB respec-
tively. Then A1, As, As, Hy, Hy, H, and the midpoints of HH,, HHy, and HH,
lie on a circle with center the midpoint of OH. This is the circle of nine points
or else Fuler’s circle.

Theorem 2.5.2. If O, G, H, and E denote the circumcenter, the center of
gravity, the orthocenter, and the center of Fuler’s circle defined above. Then
O,G, E, and H line on a line, called Euler’s line and OG : GE : FH =2 :1: 3.
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Proposition 2.5.1. If F is the center of Euler’s circle for AABC, then its
projections on the sides of the triangle are collinear iff E' lies on the circumcirlce
of NABC.

Proposition 2.5.2. For any triangle, Euler’s circle is tangent to its incircle
and its externally inscribed circles.

2.5.2 Toricelli

Given a triangle AABC, we might ask what is the point M in the plane that
minimizes M A+M B+MC. We know that M A%2+M B2+ MC? is minimized for
M = G (see proposition 2.1.11), but without the squares it becomes a different
question with no nice answer for more than 3 points.

Definition 2.5.1. For a given acute angled triangle AABC, there is a unique
point M inside AABC such that ZAMB = /BMC = ZCMA = 120°. 1t is
called point of Toricelli.

Proposition 2.5.3. The point that minimizes M A + M B + MC for a given
triangle AABC is

e The point of Toticelli for AABC' if it is acute-angled;

e The vertex with the obtuse angle in case of an obtuse-angled AABC.

2.6 Geometrical inequalities
Proposition 2.6.1. (Ptolemy’s inequality) For a convex quadrilateral ABCD,
AB-CD+ AD-BC > AC - BD.

Proposition 2.6.2. If R and r are the circumradius and inradius respectively,
and d is the distance between the circumcenter and the incenter, then

d*> = R(R —2r),

which also implies that R > 2r for any triangle.

2.6.1 Exercises

Problem 2.6.1. Prove that for any convex polygon and a point M inside it,
there is at least one side of the polygon such that M projects orthogonally inside
it.

Proposition 2.6.3. (Singapore Training, 2009) Let ABCDEF be a cyclic
hexagon with AB = BC, CD = DE, and FF = FA. Prove that

AB CD FEF _ 3
S Nt 39
BE DA  FC — 2
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Problem 2.6.2. (Kvant, 1983) The points A;, B1, and C; are picked on the
sides BC,CA, and AB of AABC such that AA;, BB, and CC] intersect at a
point. Prove that Saa, 5,0, < Saabc.

Problem 2.6.3. (Kvant, 1983) Prove that in every convex polygon M one can
inscribe a rectangle with area at least % of the area of M.

Problem 2.6.4. A figure A in the plane is called p-figure if there exists a
coordinate system and real numbers a, b, ¢(a # 0) such that A is the locus of all
points (r,y) such that y > ax® + bx + c. Is it possible to cover the whole plane
with a finite number of p-figures?

Problem 2.6.5. (IMO, 1996) Let ABCDEF be a convex hexagon such that
AB is parallel to DE, BC' is parallel to EF, and CD is parallel to FA. Let
R4, Re, Rg denote the circumradii of AFAB, ABCD, ADFEF respectively, and
let P denote the perimeter of the hexagon. Prove that

P
RA+Rc+REZ§-

Problem 2.6.6. (IMO SL, 1996) Let AABC be an acute triangle with cir-
cumcenter O and circumradius R. The radius OA meets the circumcircle of
ABOC at A’, BO meets the circumcircle of ACOA at B’, and CO meets the
circumecircle of AAOB at C’. Prove that OA’ - OB’ - OC’ > 8R3.

Problem 2.6.7. (Spring Competition, Bulgaria, 1995) Given is a convex poly-
gon with n > 4 vertices, no 4 of which lie on the sme circle. Prove that there
exists a circle through three consecutive vertices of the polygon which contains
the remaining vertices in its interior.

Problem 2.6.8. Given is a point O and a set A of n > 2 points Ay, As, ..., A,
which is symmetric with respect to O. If no three points of A are collinear and
OA1+0OAs+---+0A, > 7, prove that there exist two different points P,Q € A
such that the circumradius of AOPQ is bigger than 1.
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Chapter 3

Combinatorics

3.1 Set theory

Let’s start with some notations. If A is a finite set, we use |A| or #A to denote
the number its elements. When A has infinitely many elements, we cannot talk
about number of elements per se, but the notion of size set still exists. We call
it cardinality of A.

Comparing two sets means finding an injective function from one to the
other. For example, it is easy to define an injective function from A = {1,2,5}
to B = {a,b,c,d} but not from B to A, impying that |B| > |A|. Finding an
injective function from f : Z — Q is quite natural, for example f(z) = x;
however, it might come as a surprise that an injection from g : Q — Z exists as
well, therefore |Z| = |Q| = |Z|?. Keep in mind that |A| is not an integer number
when A is infinite.

Here are two must-know propositions.

Proposition 3.1.1. If there exists injective functions f: A - Band g: B —
A, then there exists a bijection between A and B.

Proposition 3.1.2. No injective function exists from R to Q. In other words,
IR| > Q).

3.2 Binomial coefficients

Binomial coefficients are the building bricks of combinatorics. They have posses
combinatorical as well as algebraic properties which allows for proving algebraic
equalities using counting or proving combinatorial facts algebraically.

Definition 3.2.1. For every n, the coefficients of the expansion of (1 + z)"
are called binomial coefficients of order n. For k =0,1,...,n, the coefficient in

front of z* is denoted as (Z)
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Proposition 3.2.1. For all integer n, k with n > k£ > 1 holds

(o)== 60)

Proposition 3.2.2. Each binomial coefficient could be expressed analytically

in the form
n\ n!
k) El(n — k)"

Proposition 3.2.3. The sum of all coefficients of order n is 2", and the sum
with alternating signs is 0, that is
n n
> (1)

:Z()(—l)k (Z) =0

n

k) sequences of n ones are zeroes

Proposition 3.2.4. There are exactly (

containing k ones and n — k zeroes.

3.2.1 Identities

Problem 3.2.1. Prove that for every positive integer n

i n\ > _ 2n
k)  \n)
k=0
Problem 3.2.2. Prove that for all n > 0

n—=k
=F

Z ( k ) n+1,
k>0
where F), is the n-th term of Fibonacci’s sequence.
Problem 3.2.3. Prove that for all n > 0,
3 k(Z) —
k>0

Problem 3.2.4. (IMO SL, 1991) Prove that

> () -
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= kn — 1
Problem 3.2.5. Prove that E (—1)n* (Z) ( " ) ) = 1 for every positive
n—
k=1

integer n.

Problem 3.2.6. (Kvant, 1973) For every positive integer n prove the equalities:

n—1 n—2 _1\k(n—k
(i) (g)—(i)—F(Zz)—-i-( 1)4,5 k)-i-”-:n;;l,wherethesum

is take onver all non-negative integers k not exceeding 5

o () () (7)o ()

k+1 k+1
Pt — it

P . . . n
all non-negative integers k not exceeding 5

, where p+¢ = 1 and p # ¢, and the sum is take onver

Problem 3.2.7. (Kvant, 1980) For every positive integer n prove the equalities:

iifi L (=D* (_1)n:n+11 1"
R R R R R © T
L1 1 1 1 1 n+1/2 22 23 2m
(ii) (8)—"_(711)—"_(721)—’—.”—’—(2)—1—.”—1—@:2”“(1+2+3+.”+’n).

3.2.2 Pascal’s triangle

Pascal’s triangle is defined as a series of rows, each starting and ending with one
and the rest of the n — 1 numbers in row n defined as the sum of the numbers
from the n — 1th row right above them.

Strictly speaking, Pascal’s tringle’s elements in the n-th row could be defined
as a series Py, where Py, = P,, =1 and Py, = Py_1n-1 + Prn—1. Notice
that P;j satisfies the same recurrent formula 3.2.1 and starting conditions as
the binomial coefficients, so we can conclude that Py, = (Z)

1 3 3 1
1 4 6 41
1 5 1010 5 1

The interesting properties of Pascal’s triangle are revealed when we consider it
modulo p for some prime p. We need some armoury under our belt.

Proposition 3.2.5. (Luka’s theorem) Given is a prime p. Let n and k, k €
[0, n], have the representations

n=aa;_1 - aand k = bb_1 by
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in p-digit system. Then

(1) () G2) @) ot

Consider for example p = 3 and Pascal’s triangle modulo p

/1\
/1 1\
/12 1\
/100 /1\
J11\ 0 /1 1\
J121\ /121\
JIN 00 /2\ 00 /1\
JL1\ 0 /22\ 0 /1 1\
J121\ /212\ /12 1\
J1N00000000 /1\
JT1\0000000 /11\

3.2.3 Exercises

Problem 3.2.8. (IMO, 1993) Given are n > 1 lamps Lo, L1,...,L,—1 in a
circle, all of which are initially ON. On step j = 0,1,2,..., lamp L; is switched
(from ON to OFF or vice versa) iff L;_; is ON (the subscripts are taken mod
n). Prove that

(i) Sooner or later after the first step, all lamps will be ON again;

(ii) If n = 2% for some integer k, then all the lamps will be ON after n? — 1
steps;

(iii) If n = 2¥ 41 for some integer k, then all lamps will be ON after n? —n+ 1
steps.

Problem 3.2.9. For a prime p > 3, consider p integers arranged on a circle.
On each turn, we add at the same time to each number its right neighbor and
subtracted twice its left neighbor. Prove that after p — 1 turns all the numbers
will be congruent modulo p

Proposition 3.2.6. (Kvant, 1970) Prove that for any integer n > 2, 23" divides
2n+1 on
() - ()

Problem 3.2.10. Define the sequence of polynomials po(x), p1(x),..., as fol-
lows: po(z) = = and p,(z) = 1 + po(z)p1(z) -+ - pr—1(z) for all n > 0. Prove
that for n > 0, the number of the odd coefficients of p,(z) equals 2¥ + 1 for
some integer k.

but 237*1 does not.
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3.3 Counting

Half of combinatorics is counting objects that have some property. For example,
the number of choosing k people among n or the number of permutations of order
n etc.

Most countinig problems have four faces:

e combinatorial formulation, e.g. number of permutations of 1,2,...,n;
e formula, e.g. n!;

e reccurent relationship, e.g. a, = na,_1;

2

e polynomial (generating function), e.g. e* =1+ % + % + e

They usually ask you to find the link between those different faces. For
example, one problem might ask you to fing the formula expressing the number
of permutations of 1,2,...,n. Sometimes, the link is not direct. You might be
given a recurent formula and asked to find the closed form formula, which would
entail designing a combinatorial statement or a polynomial in the process.

Some are quite fundamental and appear often in one form or another, so
we list them as propositions. Try to describe each of the four faces for each
proposition.

Proposition 3.3.1. The number of the non-decreasing sequences of k integers

between 1 and n is (n + l]: B 1).

3.3.1 General stuff

Problem 3.3.1. (Euler) In how many ways can a postman deliver n letters to
n different recipients so that not a single recipient receive his own letter?

Problem 3.3.2. Given is the sequence a1, as,...,a, of different real numbers
for which is known that there does not exist a decreasing subsequence of length
more than k. Show that the number of pairs ¢ < j for which a; > a; does not

k—1
exceed n?.
2k
Problem 3.3.3. (Bulgarian MO, 1995) Let n > 1 be an integer. Find the
number of all permutations (a1, as,...,a,) of 1,2,... n such that there exists

a single index i € [1,n — 1] such that a; > a;41.

Problem 3.3.4. (IMO, 1989) Let n and k be positive integers and let S be a
set of n points in the plane such that

(i) no three points of S are collinear; and

(ii) for every point P of S there are at least k points of S equidistant from P.
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1
Prove that k < 3 + V2n.

Problem 3.3.5. In a tennis tournament of n players, each player i played
against everyone else scoring a; wins and b; losses. Show that

al+a3+---+ap =bi +b3+---+0b.

Problem 3.3.6. We shall say that x belongs to ((a,b)) if x # b and (x —a)(z —
b)(a —b) > 0. A partitioning of the set {1,2,3,...,2n} into ordered couples
(a1,b1), (az2,b2), ..., (an,by,) is called special if the following conditions hold:

(i) There is an integer p € [1,2n] which belongs to ((a;,b;)) for all i;

(ii) There is an integer g € [1,2n] which does not belong to ((a;,b;)) for any
1.

Prove that there are exactly 2n - n! special partitionings.

Problem 3.3.7. A person took an n-dollar loan and has to repay it in multiple
instalments (not necessarily the same amount every time). In how many ways
can the loan be payd out if

(i) the number of instalments is k?
(ii) the number of instalments is not fixed?

Problem 3.3.8. (IMO SL, 1999) Let n be a positive integer. A path from
(0,0) to (n,n) in the zy-plane is a chain of consecutive moves either to the right
(move denoted by E) or upwards (move denoted by N,) all the moves being
made inside the halfplane x > y. A step in a path is the occurence of two
consecutive moves of the form EFN.

Show that the number of paths from (0, 0) to (n,n) that contains exactly s steps

()

Problem 3.3.9. (Winter Competition, Bulgaria, 1997) A table with 100 rows
and 1997 columns is filled with zeroes and ones in such a way that every column
contains at least 75 ones. Prove that 95 rows can be removed so that at most
one of the columns in the remaining table contains zeroes only.

Problem 3.3.10. (Winter Competition, Bulgaria, 2001) The plane is divided
into unit squares by lines parallel to the coordinate axes of an orthogonal coor-
dinate system. Find the number of paths of length n from the point (0,0) to
the point (a,b) moving along the sides of the unit squares.

Problem 3.3.11. (Tournament of Towns, Autumn 2000) The little squares of
an m by n table are painted in two colors. It is known that if a rook is placed
on any square, it will attack less squares of the same color (that of the square
it is placed on) than squares of the other color. (A rook attacks all the squares
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in the row and in the column it is placed on, including the one it stands on.)
Prove that in each row and in each column the number of squares of one color
is the same as that of the other one.

Problem 3.3.12. (Tower of Hanoi) Given are n disks of different size stacked
on a rod in order of size (the smallest being on top) and two other empty rods.
On each move, one is permitted to move a disk from one rod to another unless
placing a larger disk onto a smaller one. What is the minimal number of moves
required to move all the disks from one rod to another?

Problem 3.3.13. (Tournament of Towns, Spring 2000) In a chess tournament,
each participant plays against everyone else exactly once. A win is worth one
point, a draw is worth half a point, a loss is zero points. Let us call a game an
upset if the player who won has gained fewer! points in the total score than the
player who lost.

(i) Prove that no matter what the results of the tournament, strictly less than
% of the games were upsets.

(ii) Prove that one cannot replace the number 2 in (i) by a smaller number.

Problem 3.3.14. (IMO, 1997) For each positive integer n, let f(n) denote the
number of ways of representing n as a sum of powers of 2 with nonnegative
integer exponents. Representations which differ only in the ordering of their
summands are considered to be the same. For instance, f(4) = 4, because
the number 4 can be represented in the following four ways: 4; 2+2; 2+1+1;
1+14+1+1. , )

Prove that, for any integer n we have 2°T < f(2n) < 2% .

Problem 3.3.15. (IMO, 1998) In a contest, there are m candidates and n
judges, where n > 3 is an odd integer. Each candidate is evaluated by each
judge as either pass or fail. Suppose that each pair of judges agrees on at most
k candidates. Prove that
E_n-—1
—_ > .
m -~ 2n

3.3.2 Vectors

We introduced vectors as orderd n-tuples of real numbers (which is a definition
to cause a heart stroke to any mathematician but is good enough for us).They
have very nice use in combnatorics. The first typical application has its foun-
dation in the following fact:

Theorem 3.3.1. For every n+ 1 vectors ay,as,...,a,+1 in R™ there exist real
numbers Ay, Aa, ..., Apy1, not all zero, such that
n+1

i=1

IMaybe they meant “no more than” instead of “fewer”
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Here are a few examples using that “linear dependency“ theorem.

Problem 3.3.16. (Russian Olympiad, 2001) At a competition, n multi-choice
problems were given. Each problem ¢ € [1,n], brought in p; € N points for a
correct answer an 0 for an incorrect one. After the contestants submitted their
answer sheets, they were ranked according to their total score.

The jury noticed that any other ranking of contestants would have been possible
by choosing some other set of numbers p1,po,...,p,. What is the maximum
possible number of contestants at this competition?

Problem 3.3.17. For some prime p and positive integer k, the surface of a
cylinder with circumference p and k has been divided into p X k unit “squares”.
A real number is written in each square so that the following is true: for each
square, the sum of the numbers in the squares with which it shares a side is 0.
If at least one of the pk numbers is different from zero, prove that k > p — 1.

Sometimes it just helps to translate a combinatorial problem into the lan-
guage of linear algebra and, say, the field of remainders modulo 2.

Problem 3.3.18. (Russian Olympiad, 1972) At the end of a one-round hockey
tournament, it turned out that for every group of teams one could find a team
(possibly from the same group) which earned an odd number of points playing
the teams of this group. Prove that the number of all teams participating in
the tournament is even. (A loss brings 0 points, a draw earns one point to each
team, and a victory brings 2 points).

Sometimes, the trick consists of counting pairs of objects as opposed to
objects themselves. That brings us to the other use of vectors, namely when it
comes to counting intersections of objects. If a set A of a subset of n elements
is represented as a n-element vector of 1s and 0s (1 for every element of S that
is in A and 0 for any element that is not in A), say vector a, then the number
of elements in AN B is exactly a - b. [put some examples here]

3.3.3 Summation of sets

Problem 3.3.19. Prove that among any 2n —1 integers one can choose n whose
sum is divisible by n.

Problem 3.3.20. Let d be the least integer such that n|2¢ + 1. If n > 6d,
prove that there exist more than 6d integers with different remainders modulo
n which have no more than 3 ones in their binary representation.

Problem 3.3.21. (Bulgarian Olympiad, 2004) Let p be a prime number and
let 0<a; <ay<---<an<pand0<b <by <---<b, <p be arbitrary
integers. Let k be the number of distinct residues modulo p that a; + b; give
when 4 runs from 1 to m, and j from 1 to n. Prove that

(i) if then m +n > p, then k = p;

(ii) if m+n <p,then k >m+n—1.
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Problem 3.3.22. (IMO SL, 2003)(*) Let p be a prime number and let A be a
set of positive integers that satisfies the following conditions

(i) the set of prime divisors of the elements in A consists of p — 1 elements;

(ii) for any nonempty subset of A, the product of its elements is not a perfect
p-th power.

What is the largest possible number of elements in A?

3.3.4 Inclusion/exclusion principle

Given are n objects and k properties. Every object might posses some, all, or
none of those properties. We might want to count how many of those objects
contain at least one property. The second equality in 3.2.3 could be used to
prove the next statement.

Proposition 3.3.2. If N;, ;, ... denotes the number of objects that contain
properties i1, s, ..., 1. at the same time, then the number of those objects that
have at least one property equals

>t > Niig,eooyiv-

r=1 1<y <in <+ <ip <k

The formula might look complicated but it isn’t, and what is more, it comes
to use quite often.

3.3.5 Patterns and zeroes/ones

One very nice series of zeroes and ones that gives rise to a number of problems
is the parity of the sum of the digits of n when written in its binary form. For
n=20,1,... it looks like that:

0,1/1,0/1,0,0,1/1,0,0,1,0,1,1,0|1...
Did you catch the pattern? This seties appears unexpectedly in many situations.

Problem 3.3.23. (IMO SL, 1996) Let the sequence a(n),n = 1,2,3,... be
generated as follows with a(1) = 0 and for n > 1:

o) —a([3]) + 02

1. Determine the maximum and minimum value of a(n) over n < 1996 and
find all n < 1996 for which these extreme values are attained.

2. How many terms a(n), for n < 1996, are equal to 07

Problem 3.3.24. (Leningrad Olympiad?) Given are 2" sequences of 0s and
1s such that none of them is the beginning of another. Prove that their total
length is at least n2".
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Problem 3.3.25. Show that for any n there is a sequence A of 2" +n — 1 zeros
and ones such that every sequence of n zeroes and ones appears in A.

Problem 3.3.26. (Bulgarian MO, 1999) In a competition, 8 judges marked
each contestant with yes and no. For every two contestants, there were two
judges marking both of them yes, two judges marking both of them no, two
judges markinf the first one yes and the second one no, and two judges marking
the first one no and the second one yes. What is the largest possible number of
contestants?

Problem 3.3.27. Prove that for any n, the numbers 1,2,...,3" can be split
into three groups, A, B, and C, so that

IS

acA beB ceC

for k=0,1,2,...,n—1.

3.4 Classes of equivalence

Consider a set of different states and a rule that allows us to jump from one
state to another. For a given element, consider the set of all elements that are
accessible from it. Also, suppose that such accessibility is mutual, that is, a is
accessible from b whenever b is accessible from a. For example, the rule might
allow us to “jump back” from b to a or it might allow us to complete a full
cycle from a through b and back to a. In that case, all elements accessible from
a given element form a class of equivalence: every two states within the class
are accessible from one another, but not two elements from different classes are
accessible from one another.

A typical example is a graph, where “a jump” is allowed from one vertex
to another whenever the vertices are connected. In that case, every conected
subgraph is a class of equivalence and the big graph can be partitioned into such
classes. Another example would be dividing the set of integers into 7 classes of
equivalence, where we are allowed to jump between any two numbers that differ
by 7. It is apparent that each class of equivalence consists of numbers that give
the same remainder modulo 7.

The concept is simple, but its applications are very powerful, especially in
cases where the classes have the same number of elements. In such cases, we
might be interested in finding a bijection between their elements.

3.4.1 Orbits

Suppose we are given a bijection f from a finite set A in itself. For every z,
consider the series zy = z,z, = f(xn,—1) for n = 1,2,.... This series must
repeat itself at some point, since A is finite. Once it repeats itself for the first
time, it forms an orbit of certain length. This orbit is a class of equivalence with
respect to f: no two orbits intersect and no orbit “self intersects” (since the
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bijective f is also injective,) yet every two elements of an orbit are accessible
from one another.

Problem 3.4.1. (IMO SL, 1996) let V be a finitive set and f and g be two
bijective functions from to V' to V. Define the sets T' and S as follows:

S={weV:[f(flw)=
T={weV:flgw) =

If SUT =V, prove that for each w € V| f(w) € S if and only if g(w) € S.

3.4.2 Bijections

Proving that two sets have the same number of elements might not be possible
directly by counting them separately, but by finding a bijection between them
might save us.

Problem 3.4.2. Consider a coordinate system and all integer points in it(points
with integer coordinates.) Prove that any two circles with diameters OA and
OB such that OA = OB pass through the same number of integer points.

Problem 3.4.3. (IMO SL, 2001) For a positive integer n define a sequence of
zeros and ones to be balanced if it contains n zeros and n ones. Two balanced
sequences a and b are calle neighbors if you can move one of the 2n symbols of a
to another position to form b. For instance, when n = 4, the balanced sequences
01101001 and 00110101 are neighbors because the third (or fourth) zero in the
first sequence can be moved to the first or second position to form the second

2n

Cr)
n

that every balanced sequence is equal to or is a neighbor of at least one sequence

in S.

sequence. Prove that there is a set S of at most balanced sequences such

Problem 3.4.4. (Russian MO, 1976) Given is a regular n-gon inscribed in a
unit circle, at whose vertices either +1 or —1 is written. One is allowed to
simlutaneously change the signs of those vertices that form a regular k-gon for
some k > 2 ( a two-gon simply means a diagonal through the center.) Prove
that for all n > 2 there exists an initial configuration from which it is impossible
to turn all —1s into +1s. In general, find the number of classes of equivalence.

Problem 3.4.5. There are n parking spots in a line, initially all empty, ordered
from 1 to n from the entrance to the exit. Before one enters the lot, they pick
a parking spot at random and go straight there. If it is occupied, they keep
searching for the next available spot. If there are no such spots, they drive off.
What is the probability that the first n to enter will find parking spots?

Problem 3.4.6. (IMO, 1995) Let p be an odd prime number. How many
p-element subsets A of {1,2,3,...2p} are there the sum of whose elements is
divisible by p?
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3.5 Invariants and the likes

A whole set of combinatorial problems sounds as follows: given is an initial state
A and a rule for moving from one state to another, the goal bein to reach state
B. Typical questions are

1. prove it is not possible to reach state B;

2. prove it is possible to reachc state B;

3. find the least number of moves needed to reach state B;

4. prove that, no matter what, you are going to end up with state B.

For the first set of questions, we want to find a function (ideally numeric) of
that state which does not change from one move to the next. Such functions
are called invariant, since, as the name suggests, something is not varying no
matter how we move across states. To deal with such questions, all we need to
do is find the invariant function and show that the values at state A and state
B are different to show one can never reach state B.

For the second set of questions, we want to find a function that moves
continuously over the real numbers or with +1 steps over integer numbers. In
doing so, we want to show that we can get from state A to state U and then
to state D such that f(U) > f(B) > f(D). If we want to show the existence
of state B for which f(B) is within a certain range of length I, we just need to
show that the step of f from one state to the next is no larger than I.

The third set of questions involves finding a function which does not change
too much and use the fact that f(A) and f(B) are far apart.

The final set of questions involves finding a monotonous (possibly integer)
function which reaches its minimum in a finite number of moves, and show that
B is the only state with that property. Such functions are often dubbed semi-
invariants, but we use the word more freely here to denote any function that
vhanges in a predictable fashion.

Notice that many inequalities f(z1,22,...,2,) > 0 lend themselves to sim-
ilar techniques, e.g. manipulating the numbers until equality is reached and
showing that the number on the right-hand sidehas been decreasing al the while.
That is known as the method of Sturm, but that is not the focus of this chapter.

3.5.1 Invariants

The following example illustrates a typical use of an invariant.

Problem 3.5.1. (Kvant, 1985) On a given island, there are 45 chameleons: 13
red, 15 green, and 17 blue. Whenever two chameleons of different colors meet,
they change their color to the third one (e.g. a red an a green turn both blue.)
Can it happen that after some time all chameleons turn into one and the same
color?
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Problem 3.5.2. Given is a sequence of ordered couples (ay,b1), (az,b2), ..., (an, bn),
such that (a1,b1) = (0,1) and for i = 1,2,...,n — 1, (a;41, bi+1) equals either

5 3. 5 3
(—ai,bi) or (4&1 + sz, sz + 4a2> .
Prove that H(ai +b;) > 1.
i
1 1 1 .
Problem 3.5.3. There are 2n numbers a;, —,as, —,...,a,, — written on a
al an a

n
board. One is permitted to pick any two numbers a and b whose product is

a
not 1 from the board, erase them, and write the number

bl. If there is one

number standing at the end, what is it?

22 +1

Problem 3.5.4. (IMO SL, 1994) Let f(x) = for 2 # 0. Define f(0)(z) =

zand f)(z) = f (f("*l)(x)) for all positive integers n and x # 0. Prove that

for all non-negative integers n and = # {—1,0,1}

fM) 1
=1+ . ((fj})Q) :

fort(z)
Problem 3.5.5. (IMO, 1993)(*) On an infinite chessboard, a solitaire game is
played as follows: at the start, we have n? pieces occupying a square of side n.
The only allowed move is to jump over an occupied square to an unoccupied
one, and the piece which has been jumped over is removed. For which n can
the game end with only one piece remaining on the board?

3.5.2 Semi-invariants

Similarly to functions or properties which stay constant (invariant), we can use
functions which change in only one direction, i.e. monotonous functions. That
way we can prove it is impossible to reach state B from state A if the function
starting at A will move away from its value at B with every move. On the other
hand, if state B is reachable, we can use the fact that the function changes by
”only so much” in order to prove that it takes at least so many moves to reach
B from A.

Problem 3.5.6. The numbers 1,2,...,n are written in a sequence. In one
move, one is permitted to switch the places of two adjacent numbers. What is
the minimal number of moves required to reverse the order of the n numbers?

Problem 3.5.7. 10 people are sitting at a round table. There are some walnuts
in front of each of them, 100 walnuts in all. After a certain signal, at the same
time, every person passes some of his walnuts to the person sitting to his right:
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if he has an even number of walnuts, he passes half of them; otherwise, he passes
one walnut plus half of the remaining walnuts. This procedure is repeated over
and over again. Prove that, eventually, everyone will have exactly 10 walnuts.

Problem 3.5.8. (IMO, 1986) To each vertex of a regular pentagon an integer
is assigned, so that the sum of all five numbers is positive. If three consecutive
vertices are assigned the numbers x,y, z respectively, and y < 0, then the fol-
lowing operation is allowed: z,y, z are replaced by x + y, —y, z + y respectively.
Such an operation is performed repeatedly as long as at least one of the five
numbers is negative. Determine whether this procedure necessarily comes to an
end after a finite number of steps.

Problem 3.5.9. (Singapore Training, 2009) Given a finite graph, prove that it
is always possible to assign each vertex one of two colors so that every vertex
is connected to at least as many vertices of the opposite color as vertices of its
own color.

Problem 3.5.10. (Russian MO) Given is a deck of 33 cards. On each move,
one is allowed to select a few of the cards and, without changing their order, pull
them out and place them on top of the deck. What is the minimum number of
moves that it takes to reverse the original order in the deck?

Problem 3.5.11. (Kvant, 1990) A table 50 x 50 is filled with +1s and —1s
such that the sum of all numbers in the table does not exceed 100 in absolute
magnitude. Prove that there exists a square 25 x 25 the sum of whose numbers
does not exceed 25 in magnitude.

Problem 3.5.12. (Bulgarian MO, 2001) For a given sequence of numbers
ai,as,...,ay, on each move, one is allowed to switch two consecutive blocks
of numbers in the sequence, i.e. from

A1y A2y« vy Ay Qi 15 Q425+ o+ 5 Qg Bjp 15 Ajp25 oo oy Ay At 15 -+ - Any

A B

one can obtain by swapping the blocks A and B

A15,02, -5 Qiy Q415 Q5425+« o5 Oy Qit 15 G425 -+ -5 Ajy At 15+ -+, Ane

B A

Find the minimum number of such moves required to change the sequence
1,2,3,...,nton,n—1,n—2,...,1.

Problem 3.5.13. A girl is having a birthday party and wants to cut the cake
in advance so that, no matter whether p or ¢ guests turn up, she be able to give
each guest an equal amount of cake (potentially in several slices). What is the
minimum number of slices she needs to cut the cake into?

Problem 3.5.14. (IMO SL, 1998) A rectangular array of numbers is given. In
each row and each column, the sum of all numbers is an integer. Prove that
each nonintegral number z in the array can be changed to either |x] or [z] so
that the row-sums and column-sums remain unchanged.
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Problem 3.5.15. (IMO, 2000) Let n > 2 be a positive integer and A a positive
real number. Initially there are n fleas on a horizontal line, not all at the same
point. We define a move as choosing two fleas at some points A and B, with A
to the left of B, and letting the flea from A jump over the flea from B to the

BC
point C so that 15 = A
Determine all values of A\ such that, for any point M on the line and for any

initial position of the n fleas, there exists a sequence of moves that will take
them all to the right of M.

3.5.3 Parity

The most common invariant is parity. When some process preserves the parity
of some function, this process lead to a state where the function is of the opposite
parity. In case there is no process but rather a static configuration which we
have to prove cannot exists, we usually to count the same onject in two different
ways and prove that the supposed parities are different.

Here are a few examples.

Problem 3.5.16. (Moscow Olympiad) Can one number each of the 2n pins of
a radiolapmp and the 2n slots of its circular socket with 1,2,...,2n in such a
way that no matter how the lamp is put into the socket at least one slot be
matched against a pin with the same number?

Problem 3.5.17. (IMO SL, 1997) An nxn matrix with entries from {1,2,...,2n—
1} is called coveralls matriz if for each ¢ € [1,n] the union of the i-th row and
the i-th column contains 2n — 1 distinct entries. Show that:

(i) There exist no coverall matrices for n = 1997,
(ii) Coverall matrices exist for infinitely many values of n.

Problem 3.5.18. (Russian MO, 1977) A square 100 x 100 is divided into 1002
unit squares. Several broken lines are drawn inside the square, their segments
being sides of the little squares. Their endpointss lie on the border of the
big square, but their segments do not. Moreover, the broken lines are neither
pairwise- nor self-intersecting, i.e. no two lines have a common point. Prove
that there exists a vertex of a little square, which is not a vertex of the big
square and which does not belong to any broken line.

Problem 3.5.19. (IMO SL, 1998) A solitaire game is played on an m X n
rectangular board, using mn markers which are white on one side and black on
the other. Initially, each square of the board contains a marker with its white
side up, except for one corner square, which contains a marker with its black
side up. On each move, one may take away one marker with its black side up,
but must then turn over all markers which are in squares having an edge in
common with the square of the removed marker. Determine all pairs (m,n) of
positive integers such that all markers can be removed from the board.
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Problem 3.5.20. (Tournament of Towns, Spring 1999) A move of the rook
consists of passing to a neighboring cell in either the horizontal, or the vertical
direction. After 64 moves the rook visited all cells of the 8 x 8 chessboard and
returned back to the initial cell. Prove that the number of moves in the vertical
direction and the number of moves in the horizontal direction are distinct.

3.5.4 Continuity

Similar to semi-invariants, where we use monotonous functions, we can use
functions that only change by a little bit to prove that they have values in a
certain interval. We can use integer functions changing by no more than 1 to
show that a certain value x is attained, so long as we can give examples of the
function taking values above and below x.

Problem 3.5.21. (IMO, 1997) Let z1,xs,...,2, be real numbers satisfying
the conditions:

|[t1 + a0+t = 1
|24 < 2H fori=1,2,...,n.
Show that there exists a permutation y1,ys, ...,y of 1,x2,...,x, such that

n-+1
ly1 + 2y2 + -+ - 4 nyy| < 5

Problem 3.5.22. (Kvant, 1988) There are 19 positive integers, each no bigger
than 88, written in the first line of a notebook; in the second line, there are 88
positive integers, each no bigger than 19. We shall call a cut a sequence of one
or several numbers in a row in one of the lines. Prove that there exist two cuts
in each line with the sums of their numbers equal.

Problem 3.5.23. (IMO SL, 1996) Let p,¢,n be three positive integers with
p+q < n. Let (xg,21,...,2,) be an (n + 1)-tuple of integers satisfying the
following two conditions:

(i) ®g = x5, = 0;
(ii) For each i, 1 <4 < n, either z; —x;_1 = p or &; — ;-1 = —q.

Show that there exist indices ¢ < j with (4, j) # (0,n), such that z; = ;.

3.6 Strategies

Most mathematical problems describe a fized process or situation and ask about
its end result. Typical examples are all geometrical problems, functional equa-
tions, recurrent equations (sequences,) and counting problems. Those problems
are fundamentally different from ones where we are given a rule instead of a
fixed situation. With the risk of confusing you, I would like to throw in all
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inequalities in this category. The main difference is that this time we are given
optionality.

If we want to prove some statement, we want to shoot for the most unpleasant
case, in other words, we have to play the devil’s advocate in approaching such
problems. For example, in proving an inequality f > g, we might want to
consider the difference f — g, find its minimum (the “worst” case,) and show
that it is at least 0. Or in a game where two players take turns and we want
to show that the first one can win no matter what, we must assume that the
second player will be giving an arm and a leg not to lose.

Consider the following classic.

Problem 3.6.1. Two people take turns in taking toothpicks from three piles
which originally contain 3,5, and 8 toothpicks respectively. On each turn, the
current player might take as many toothpicks as he wants but only from one
pile. The winner is the one who picks the last toothpicks. Show that the player
who plays first has a winning strategy, that is, he can always win no matter how
his/her opponent plays.

Describing a winning strategy means describing a rule that guarantees a win.

3.6.1 Exercises

Problem 3.6.2. (Bulgarian MO, 1995) Two players take turns in taking stones
form a heap that initially contains n stones. On every turn, the player who takes
stones must take at least one and not all stones. The winner is the one who
takes the last stone. For each n, determine which player has a winning strategy.

Problem 3.6.3. The two sides of each of 2n cards are labeled with numbers
from 1 to 2n, so that each number between 1 and 2n appears on two sides
(possibly of the same card.) Only one side of each card is visible to us at a time.
In one turn, we are allowed to flip a card, and the final goal is to end up with
2n different numbers facing up.

e Prove that 3n — 2 moves are always sufficient;
e Prove that 3n — 3 moves are not always sufficient.

Problem 3.6.4. (IMO SL, 1996) A finite number of coins are placed on an
infinite row of squares. A sequence of moves is performed as follows: at each
stage a square containing more than one coin is chosen. Two coins are taken
from this square; one of them is placed on the square immediately to the left
while the other is placed on the square immediately to the right of the chosen
square. The sequence terminates if at some point there is at most one coin on
each square. Given some initial configuration, show that any legal sequence of
moves will terminate after the same number of steps and with the same final
configuration.
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3.7 Principle of the extreme element

3.7.1 Exercises

Problem 3.7.1. (Putnam) An integer is written on each of the n beads of a
necklace so that the sum of all integers is positive. Prove that the necklace can
be cut in some place and the beads numbered consecutively with 1,2,...,n in
such a way that for each £ = 1,2,...,n the sum of the integers written on the
first k beads be non-negative.

Problem 3.7.2. (Moskow Olympiad?) 101 numbers are written on a board in
a series. Prove that one can erase 90 of them so that the remaining eleven form
either an increasing or a decreasing sequence.

3.8 Graphs

Non-technically speaking, a graph is a collection of vertices (points) and edges
(lines) between some of the points. When we have some objects and want to
express some relationship between them, this can often be illustrated as a graph
whose vertices represent the objects and whose edges represent relationships
between those objects.

For example, if we have a party where every two people either know or do not
know each other, we can represent this relationship as a graph with a vertex for
every person and an edge for every pair of people who know each other.

To be able to tell when we need to introduce a graph and do more than just
stare at it, we need some very basic graph theory: a couple of definitions and
simple properties.

Definition 3.8.1. (Connected graph) A graph is called connected when there
exists a path between every two vertices A and B, that is, a sequence Ay =
A A, As,...,A, = B such that A;_1A; is an edge of the graph for ¢ =
1,2,...,n.

Proposition 3.8.1. Every finite graph is a collection of connected graphs that
do not share any common vertices and edges.

Definition 3.8.2. (Trees) A cycle is a path that starts and terminates at the
same point. A connected graph that does not contain any cycles is called tree.

Proposition 3.8.2. A tree with n vertices contains n — 1 edges.

Definition 3.8.3. (Euler Graphs) A graph all of whose vertices are of degree
is called Euler graph.

Proposition 3.8.3. Every Euler graph contains a cycle that includes every
edge exactly once.

Definition 3.8.4. (Bipartite graphs) A graph that could have its vertices di-
vided into two groups, A and B, with no edges with both vertices in A or in B
is called bipartite
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Proposition 3.8.4. A graph is bipartite iff it has no cycles of even length.

3.8.1 Hall’s theorem

Suppose we are given a collection of sets and want to choose one element from
each set so that they are all distinct. This is called a system of distinct repre-
sentatives (or SDR) of the collection. Examples of why in our right minds we
would need that is given in the exercies. But before we go to them, we shall
prove a fundamental fact about SDR.

Proposition 3.8.5. Let A = {A;, As,..., A, } be a collection of n finite sets.
If for any k € [1,n] and 1 < i1 < ig < -+ < i < n holds

|A;, UA,U---UA;, | >k,

then there exists a SDR for A.

3.8.2 Exercises

Problem 3.8.1. Given are several different sequences containing n ones and m
zeroes each for some n > m. Prove that in each sequence, exactly one 1 could
be changed to 0 so that the new sequences with n — 1 ones and m + 1 zeroes
are again pairwise different.

Problem 3.8.2. In some city, there are 50 school principals and 50 deputies.
Each principal has a direct telephone line with exactly k deputies and each
deputy has a direct line with exactly k principals. Prove that principals and
deputies can be paired up so that in each pair the principal and the deputy have
a direct line between them.

Problem 3.8.3. Given are k different colors and n balls of each color. They
are thrown in k boxes, n balls per box. Show that one can select one ball from
each box so that all selected balls have different collors.

Problem 3.8.4. (Singapore Training, 2009) In a tournament with n > 2 play-
ers, every two players meet exactly once, resulting in a win for one of them. A
player, say player A, is awarded a Grand Prize if for any other player B, either
A beat B or there was another player C' such that A beat C' and C beat B.
Show that

(i) the tournament must have at least one Grand Prize winner;
(ii) if there is exactly one such winner, then he beat everyone else.

Problem 3.8.5. (Kvant, 1988) There are 21 cities in a country, and for each
two of them there is at least one airline company that provides a direct flight
between them. FEach airline serves exactly 5 cities and provides direct flights
between every two of them. What is the minimal number of airline companies
possible?
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Problem 3.8.6. (Spring Competition, Bulgaria, 1995) Given are n > 4 points
in the plane, no three of them collinear. Prove that among any n + 1 triangles
with vertices those points, there are two triangles that share exactly one vertex.

Problem 3.8.7. (Russian MO, 1977) There are direct flights between every
two cities in some country, and the prices are known in advance. Two guys —
not necessarily starting from the same city — want to travel through all the cities
using only direct flights. Among the cities he hasn’t visited, Person A always
picks the one that offers the cheapest rate (if there are several, he picks one
at random) until he reaches the last city. Person B does the same, except he
always goes for the most expensive destination. Prove that, in the end, person
A will have spend no more than person B for travel.

Problem 3.8.8. (Bulgarian MO, 2001) Find the least positive integer n for
which there exists a group of n people such that:

(i) There is no group of four every two of which are friends;

(ii) For any choice of k > 1 people among which there are no friends, there
exists a group of three among the rest n—k every two of whom are friends.

Problem 3.8.9. (Koenig’s theorem) Several checkers have been placed in the
squares of an m X n chessboard. A covering is a selection of rows and columns
such that every checker lies in at least one selected row or column. Prove that the
mazimum number of checkers no two of which lie in the same row or column is
the same as the minimum number of rows and columns that provide a covering.

Problem 3.8.10. (Moskow Olympiad) King Arthur is trying to sit 2n knights
around a round table so that no one of them sits next to an enemy of his. Prove
that this is always posible to do if it is known that every knight has no more
than n — 1 enemies.

Problem 3.8.11. (Russian Olympiad, 2001) There are 2001 towns in a country.
For any town, there exists a road going out of it, and there is no town directly
connected to all other towns. A set of towns D is called dominant if any town
that does not belong to D is directly connected by a road with some town from
D. Tt is known that no dominant set contains fewer than k towns. Prove that
the country can be split into 2001 — k£ republics such that no two towns from
the same republic be connected by a road.

Problem 3.8.12. (IMO, 2007) At a mathematical competition, some competi-
tors are friends. Friendship is always mutual. Call a group of competitors a
clique if every two in the group are friends (in particular, any group of fewer
than two competitiors is a clique.) The number of members of a clique is called
its size.

Given that, in this competition, the largest size of a clique is even, prove that
the competitors can be arranged into two rooms such that the largest size of a
clique contained in one room is the same as the largest size of a clique contained
in the other room.
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3.9 Combinatoric geometry

This class encompasses problems that look like geometry but are indeed pure
combinatorics. Geometry is only auxiliary in presenting a combinatorial situa-
tion, and the tools we use are of the sort of coloring, invariants, and counting.
Here are some possibly useful facts.

Theorem 3.9.1. (Helly’s theorem) Given n convez figures in the plane, if every
three figures share a point, then all n share a point.

Theorem 3.9.2. (Euler’s formula) For any convex polyhedron holds
V-FE+4+F=2

where V' is the number of vertices, E is the number of edges, and F is the
number of faces.

3.9.1 Averaging

Suppose a segment AB of length [ is projected onto a line with which it closes
an angle ¢. The length of the projection is obviously | cos(¢)|. If we “average”
over all possible ¢, that is, integrate the function I|cos(¢)| over [0, 7], we get

that the average length of the projection is —. That means that there exist lines

s
such that the projections of AB onto them have lengths I; and Il5 respectively,
l
such that I; < — <.
™

That might not appear like a striking revelation, as the projections of AB
onto the lines perpendicular and parallel to it have lenghts 0 and [ respectively.
The observation gains much more importance when we have many segments
which are not necessarily aligned.

3.9.2 Coloring

In a sense, coloring is a generic term that relates to binning our objects into
groups, e.g. by “painting” them in black or white. It is closely related to the
invariants technique that we described. For example, if we have a board game,
we might want to paint the squares of the board in two colors so that the
numbers of checkers on white and on black squares are of the same parity.

3.9.3 Exercises

Problem 3.9.1. (Kvant, 1973) Several chords are drawn in a circle of radius
1 so that no diameter crosses more than k of them. Prove that the sum of the
lengths of all chords is less than 7k.

Problem 3.9.2. (Kvant, 1992) Every face of a convex polyhedron is a polygon
with an even number of sides. Is it always possible to color the edges in two
colors so that each face have an equal number of edges of either color?
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Problem 3.9.3. (IMO, 1986) Given a finite set of points in the plane, each
with integer coordinates, is it always possible to color the points red or white so
that for any straight line [ parallel to one of the coordinate axes the difference
(in absolute value) between the numbers of white and red points on [ is not
greater than 17

Problem 3.9.4. A finite number of the squares of an infinite chessboard are
painted in red, and the rest are painted in blue. There is a line that crosses
exactly 2010 red squares. Prove that for every k = 0,1,2,...,2010 there exists
a line that crosses exactly k red squares. (A line is said to be crossing a square
when it passes through its interior and not just through the sides or the vertices).

Problem 3.9.5. (IMO, 1965) Prove that the diameter of a set of n > 3 points
in the plane (a segment of maximal length between any two of those points)
appears no more than n — 1 times.

Problem 3.9.6. A square n X n is split into unit squares. Several lines are
drawn so that every unit square shares an internal point with at least one of
them. Prove that their number is larger than (2 — \@) n.

Problem 3.9.7. A parabola in the plane shall be called the set of all points on
or above the curve y = ax? for some a > 0 and some coordinate system in the
plane. Is it possible to cover the whole plane with a finite number of parabolas?

Problem 3.9.8. A rectangle is called semi-integer if at least one of its sides is
integer. Prove that if a rectangle is cut into semi-integer rectangles, then the
rectangle itself is semi-integer.

Problem 3.9.9. (Tournament of towns, 1989) Given are n lines in the plane,
no two of which are parallel and no two of which pass through the same point.
Prove that in every region they divide the plane, one can write an integer number
different from 0 and not exceeding n in absolute value so that for every line the
sums of the numbers of either side be equal to 0.

Problem 3.9.10. Given is a coordinate system and a figure of area S > 1.
Prove that there exist two points in this figure A(z1,y1) and B(za,y2) such
that £1 — x2 and y; — y2 are both integers.

Problem 3.9.11. Given a sphere of radius 1 and a curve of length | < 27 on
it, prove that there exists a hemisphere that contains the curve.

Problem 3.9.12. A rectangle is cut into squares. Prove that it can be cut into
equal squares.

Problem 3.9.13. (Kvant 1980) Given are several squares with total area 4.
Prove that one can cover a quare of area 1 with them.

Problem 3.9.14. (Tournament of Towns, 1989)

(i) There are 3n asteriks in the fields of a 2n x 2n table. Prove that one can
erase n rows and n columns so that all asteriks be erased from the table.
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(ii) Prove that one can put 3n + 1 asteriks in the fields a 2n x 2n table so
that after erasing any n rows and any n columns there still be at least one
asterik left.

Problem 3.9.15. Prove that any convex polygon with circumference [ can be

l
projected onto a line so that the projection has length at least —
™

Problem 3.9.16. Given are 2n red and 2n blue points in the plane, no three
of them collinear. Prove that there exists a line such that there are n red and
n blue points on either side of it.

Problem 3.9.17. (Kvant, 1982) Is it possible to cover a circle of diameter 1
with several stripes the sum of whose widths is strictly less than 17

Problem 3.9.18. (prob:vlad:cross) A cross a figure consisting of two perpen-
dicular mutually bisecting segments of length 2. Prove that if 12650 such crosses
are fully placed inside a 100 x 100 square, then two of them must intersect. Is
there a better bound than 126507

Problem 3.9.19. (Tournament of Towns?) Two players take turns in putting
“X” (for player one) and “O” (for player two ) on an infinite chessboard. The
goal of each player is to place 11 consecutive of his marks in a row, vertical, or
diagonal. Prove that no player has a winning strategy, that is, player two can
always prevent player one from winning and vice versa.

Problem 3.9.20. (Tournament of Towns, Autumn 1997) Every side of an equi-
lateral triangle is divided into n equal segments, and through the points of di-
vision are drawn lines parallel to the sides of the triangle. Thus the original
triangle is split into n? small triangles. What is the maximum number of small
triangles that can be market so that no two of them be situated between two
adjacent parallel lines if

(i) n = 10;
(il) n=19?
(iii) The same question for an arbitrary n.

Problem 3.9.21. Given is the lattice Z2 with 0 written in (0,0). On each
move, one is allowed to write a number in the empty (x,y) so long as all other
cells (z1,y1) with 1 < z and y; < y have been filled, and the number must
be the smallest non-negative integer that does not appear in the same row or
column. For any m and n, what is the number that sits in m, n?

Problem 3.9.22. (IMO, 1999) Let n be an even positive integer. We say that
two different cells of a board are neighboring if they have a common side. Find
the minimal number of cells on the n X n board that must be marked so that
any cell (marked or not marked) has a marked neighboring cell.
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Problem 3.9.23. (Kvant, 1970) The sides of a equilateral triangle are divided
into n equal segments. Lines parallel to the sides of the triangle through those
points split it into n? triangles. We call a chain a sequence of triangles which
does not contain any triangle twice and where every triangle shares a side with
the previous one. What is the maximal number of triangles in a chain?

3.10 Generating functions

The intersection of combinatorics and algebra happens when we attach combi-
natorial meaning to the coefficients of a polynomial. This polynomial is called a
generating function of the combinatorial object at hand. We have already seen
examples of generating functions when we defined the binomial coefficients. Us-
ing (14+2)" = (1 +2)(1 + 2)" ! we proved 3.2.1, that is, using algebraic
properties of the generating function we proved a combninatorial equation.
Another example are Catalan’s numbers (see 1.3.6). If we define f(z) = Co +
Chz+ Cyz? + - - and the definition of catalan’s numbers, it is not hard to show
that

fl@) =1+af*().
Useless at first sight, it implies that (after rejecting one of the roots of the

quadratic equation)
v1—4zr+1

fla) ==

and from 1 . -
V1—dz = (1—4z)2 :;)< >(_4) T
o)

n+1

we easily get C), =

_|_

3.10.1 Complex numbers

Using properties of the roots of unity, that is wy = e%, either as roots of the

polynomial 2™ — 1 or as a cyclic group, we can prove some pretty interesting
combinatorial or geometrical facts.

Problem 3.10.1. (IMO, 1990) Prove that there exists a convex 1990-gon with
the following two properties :

(i) All angles are equal;

(i) The lengths of the 1990 sides are the numbers 12,22 3% ...,1990% in some
order.

Problem 3.10.2. (Russian Olympiad?) The vertices of a regular n-gon are
painted in different colors so that all vertices of the same color form a regular
polygon. Prove that two of those polygons have the same number of vertices.
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3.10.2 Exercises

Problem 3.10.3. A table 6 x 21 is filled with the numbers 0,1,...,6 so that
every numbers appears 18 times. It is known that for every four numbers in the
vertices of a rectangle with sides parallel to the table, the sums of the numbers
at the ends of both diagonals are congruent modulo 7. Prove that each row
contains 3 zeroes, 3 ones, 3 twos etc.

Problem 3.10.4. (Bulgarian IMO selection, 2001) For an arbitrary set S{a, ag, . ..

of integers with 1 < a1 < ag < -+ < ax < 2000 define the set

o5y = { totlatl . a+1} if ax, < 2000;
o {1,2,...,2000}\{a1 + 1,a2 + 1,...,a_1 + 1}, if ax = 2000.

Prove that ®(%01)(S) = S, where ®)(S) denotes the n-nth iteration of ®.

Problem 3.10.5. Given are two different multisets {a1, ag, ..., a,} and {b1, o, ...

(A multiset is a set, where the same element could be repeat, e.g. {1,2,3,3}.)
Prove that if the multisets {a; + a;|1 <i < j <n} and {b; +b;]1 <i < j <n}
coincide, then n is a power of 2.

Problem 3.10.6. In how many ways can two sets A and B of non-negative
integers be chosen so that

(i) Every number between 0 and 2" — 1 can be uniquely represented as the
sum of an element from A and an element from B.

(ii) For any a € Aand b € B, a + b < 2".

Problem 3.10.7. (USAMO, 1999) Let p be a prime and let a, b, ¢, d be integers
not divisible by p, such that

{ra} {rb} {TC} {rd}

A k= b =2

p p p p

for any integer r not divisible by p. Prove that p divides (a+b)(a+c¢)(b+c¢). d

Problem 3.10.8. (IMO SL, 1998) Let ag, a1, as, ... be an increasing sequence
of non-negative integers such that every non-negative integer can be expressed
uniquely in the form a; +2a; +4ay, where 4, j and k are not necessarily distinct.
Determine aqggs.

Problem 3.10.9. (IMO, 2008) Let n and k be positive integers of the same
parity with & > n. Let 2n lamps labelled 1,2, ..., 2n be given, each of which can
either be ON or OFF. Initially, all the lamps are OFF. We consider sequences
of steps: at each step one of the lamps is switched (from ON to OFF or vice
versa.)

e Let N be the number of such sequences consisting of £k steps and resulting
in the state where lamps 1,2,...,n are all ON, and the rest are all OFF;
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e Let M be the number of such sequences consisting of &k steps and resulting
in the state where lamps 1,2,...,n are all ON, the rest are all OFF, and
where none of the lamps n + 1 through 2n is ever switched on.

N
Determine —-.
etermine 7

Problem 3.10.10. (IMO SL, 1999) Suppose that every integer has been given
one of the colors red, blue, green or yellow. Let x and y be odd integers so that
|z| # |y|. Show that there are two integers of the same color whose difference
has one of the following values: x,y,x +y or x — y.

Problem 3.10.11. (IMO SL, 1999) Let p be a prime number. For each
nonempty subset T of {0,1,2,3,...,p — 1}, let E(T) be the set of all (p — 1)-
tuples (21,2, ...,2p_1), where each x; € T and x1 +2zx2+ ...+ (p— 1)xp_1 is
divisible by p. If |E(T)| denotes the number of elements of E(T"), prove that

[E({0,1,31)] = [E({0,1,2})].
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Chapter 4

Number Theory

Everything that has to do with integers and is not counting is thrown in here.

4.1 Basics

Every natural (positive integer number) n can be written in a unique way in the
form

— 1,02 (&7
n = pl p2 .. .pk
for some prime pi1,ps,...,pr and natural aq,as,...,ar. This form is called
canonical representation of n.

Definition 4.1.1. For any positive integers n and k, we have n = ak + b for
some integers a > 0 and k£ > b > 0. The number a is the whole part of the

division of n with k£ and is denoted by {%J, and b is the remainder of the

division, i.e. the only number between 0 and k — 1 for which n =b (mod k).

The symbols [z] is also sometimes, yet rarely, used to denote the least integer
bigger than or equal to x.

Proposition 4.1.1. If n, a, and b are positive integers, then

5] -15)

A very important property, which might seem ridiculous at first, but which
proves indispensable over and over again is:

Proposition 4.1.2. If a and b are integers, then
a>b=>a>b+1.

An large number of problems rely on this subtle fact that whenever you
have strict inequalities involving integers, you should always look to steal this
“1” from somewhere. If the inequality is not strict, consider the case of equality
separately and then focus on the “strict” part.
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4.1.1 Exercises

Problem 4.1.1. (IMO SL, 1995) Let p be an odd prime. Determine positive
integers = and y for which z < y and \/2p — /& — /y is non-negative and as
small as possible.

Problem 4.1.2. (IMO SL, 1999) Denote by S the set of all primes such the

decimal representation of — has the fundamental period divisible by 3. For every

1
p € S such that — has the fundamental period 3r, one may write
p

1
5:0,@1&2...G3Ta1a2...agr...,

where r = r(p); for all integer k > 1 define

f(k,p) = ar + Qrgr(p) + pg2.r(p)-
(i) Prove that S is infinite.
(ii) Find the highest value of f(k,p) over k> 1 and p € S.

Problem 4.1.3. Let p be a prime number and a and b be positive inte-

gers less than p. Prove that the equation ax + by = p does have a solution
2 —1

in positive integers if and only if the sets {{pJ , {pJ \‘(a)pJ} and

a a a

{VZJ : fpr V)_bl)pJ} do not intersect.

Problem 4.1.4. (*) For a given prime p > 2, denote by x the remainder of x
modulo p. For any integer a, define the function f,(m) = m+ ma for all integer
m. Prove that there exist exactly 12,/p] integers a > 0 such that

min fa(m) > a.

Problem 4.1.5. Prove that for every positive integer n holds
n n n n
ny_[n L _1n{,}‘ Van.
‘{1} {2}+{3} FEDT g <V

4.2 Diophantine equations

In general, solving an system of equations requires at least as many equations
as there are unknown variables. However, with the added condition that the
unknown variables be integer or positive integer, the set of solutions becomes
manageable even with fewer equations. For example, the equation 6x2+5y% = 74
has infinitely many solutions in real numbers, (which form an allipse,) yet the
only integer solutions are (x,y) = (£3,£1).

There are multiple ways to approach such an equation and prove that it has
no solutions other than the few obvious ones you have already found.

There are a number of approaches:
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e Use a module to rule out the possibility of integer solutions; For example,
2?2 = k (mod 4) has only solutions for k£ = 0,1 and 2% = k (mod 9) has
only solutions for £ =0,1,8;

e When a|bc for some co-prime b and ¢, we have a = byc; where (by,¢q) =1
and b1|b and ¢q|c.

e Use the fact that > y implies 22 > y? + 2y for positive integers x and
y. In other words, once two different numbers are raised to some power,
they become distant.

e Use the fact that p|o? + y? implies p|z and p|y for p-prome of the form
4k + 3;

e Assume there is a solution and construct a “smaller” solution from it.
Keep descending until a minimal solution is found, from where the series
of solutions can be generated backward, or until it is clear that no minimal
solution could possibly exist, in which case the original equation has no
integral solution.

4.2.1 Pythagorean triangles

Suppose we want to find all rectangular triangles with integer sides, that is, solve
the 22 +y? = 22 in integers. Such equations form a small class of problems that
can be approached in more or less the same way.

Proposition 4.2.1. All integer solutions of 22 4 y? = 22 are given by

2 32 2 | 12
v, 2) = (kap, k=0 a0
(z,9,2) 3 3

for any two odd co-prime integers a and b and any integer k (assuming the
places of z and y are interchangeable.)

4.2.2 Exercises
Problem 4.2.1. Solve the following equations in integers:
& LYz =T+ Y+ 2;
e xyz=zx+y+z+1
. % + % + % =3;
o ¥yt + 2% =5
o ot 4yt —224=3.
Problem 4.2.2. Prove that the equation z* +y* = 22 has no integer solutions.

Problem 4.2.3. (Singapore Training, 2009) Find all integer solutions of the
following equation:

(x+y+2)° =9 + 2 + 2%).
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4.3 Euler’s function and Fermat’s little theorem

Definition 4.3.1. For everey natural n, define ¢(n) as the number of integers
between 1 and n which are co-prime with n. This is called Euler’s function.

Proposition 4.3.1. Straight from the definition, ¢(1) = 1 and ¢(p) = p—1 for
any prime p.

Proposition 4.3.2. If (m,n) = 1, then ¢(mn) = ¢(m)d(n).

Proposition 4.3.3. If n = p{'p5? ---p;* is the canonical representation of n,

then ¢(n) = p?171p3271 .. -pzk_l(pl — 1D(p2 —1)---(px — 1). To prove, use
propositions 4.3.1 and 4.3.2.

Proposition 4.3.4. For any two co-prime integers a and n, a®™ =1 (mod n).
To prove, use proposition 4.3.3 and induction on the power of the prime number.

Proposition 4.3.5. Z ¢(d) =n.
d|n

" ng(n)
P t 4.3.6. E k= .
roposition R 5

Another symbol that is sometimes used alongside with ¢ is the Mobius func-
tion wu.

Definition 4.3.2. The Mobius function is defined as follows:

0, if n is divisible by a square;
uln) =4 1, if n=1;
(—1)*, if n is the product of k distinct prime numbers.

Like ¢, the Mobius function possesses some similar properties.

Proposition 4.3.7. For any positive integer k£ > 1 holds

Zﬂ(/ﬁ?) =0 (mod p).

k|d

Proposition 4.3.8. (Mobius inversion formula) If f, g : N — N satisfy

g(n) =>_ f(d)

d|n

for all n > 1, then for any n > 1 holds

fm) =Y uldyg (%)

dln
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4.3.1 Quadratic residuals
-1

For any prime p > 2, the numbers 12,2232 ... (p — 1)? give b different

remainders moduo p, since the ones in the first half are all different and the
second half repeats the first half (notice that 22 = (p — x)? (mod p).) These
remainders, including 0 = 02, are called quadratic residuals and the rest are
called quadratic non-residuals.

Proposition 4.3.9. If p is a prime of the form 4k + 3, then —22 is a quadratic
non-residual unless x = 0.

Proposition 4.3.10. For any prime p, the product of
e two quadratic non-residuals is a quadratic residual;
e of a residual and a non-residual is a quadratic non-residual.

Proposition 4.3.11. If p > 3 is prime, then the sum of all quadratic residuals
modulo p is 0.

4.3.2 Primitive roots

Given a number n and an integer a co-prime with n, we know that there exists
a number k such that a®* —1 =0 (mod n), for example k = ¢(n). However, it is
often useful to work with the smallest such number k, which is also called index
of a modulo n.

Proposition 4.3.12. For every co-prime integers n and a, the index k of a
modulo n divides any I > 0 such that a! = 1 (mod n), and in particular, k
divides ¢(n).

Proposition 4.3.13. (Existence of primitive roots) For every p, there exists at
least one number whose index is p— 1. In fact, there are ¢(p — 1) such numbers.
They are called primitive roots.

Proposition 4.3.14. Prove that for any prime p, the following identity holds
in Zy:
(x—1)(z—2)(z—3) - (z—(p—1) =P — 1.

As a result, (p — 1)! = —1 (mod p).

Proposition 4.3.15. For any prime p, the sum of its primitive roots is con-
gruent pu(p — 1).

4.3.3 Exercises

Problem 4.3.1. (Bulgarian IMO selection, 2007) Let p = 4k + 3 be a prime
number. Find the number of different residues modulo p of (2% 4 y?)? where

(z,p) = (y,p) = 1.
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Problem 4.3.2. (Singapore Training, 2009) Determine all pairs (p,n) of pos-
itive integers such that p is prime, n < 2p, and (p — 1) + 1 is divisible by
nP~1,

Problem 4.3.3. (Bulgarian MO, 2000) Let p > 3 be a prime and a1, az, . . ., ap—2
be a sequence of natural numbers such that p does not divide both a; and aﬁ -1
for k =1,2,...,p—2. Prove that the product of some elements of the sequence
equals 2 modulo p.

Problem 4.3.4. (Winter Competition, Bulgaria, 1997) Find all integers m,n >
2 such that . .
14+m3" +m?3
n

is integer.

Problem 4.3.5. (*) Let p > 2 be prime. Prove that

p—1 21
E 2%‘1’*252 P2,
=1 =1

Problem 4.3.6. Prove that we can find an infinite set of positive integers of
the form 2™ — 3 (where n is a positive integer) every pair of which is relatively
prime.

Problem 4.3.7. (IMO, 1990) Determine all integers n > 1 such that

2" +1
n2

is an integer.

Problem 4.3.8. Given are positive integers a and n and a sequence ag, aq, . . .
defined as

® ag = a;
e a, =a""1forn=1,2,...

Prove that for any m such that (a,m) = 1 there exist numbers r and N such
that a, = r (mod m) for all n > N.

Problem 4.3.9. (USAMO) If p is prime and d € N, then for any integer n
there exist integers x1, 2o, ..., x4 such that p divides m‘f + xg + -4 xﬁ —n.

Problem 4.3.10. At the beginning, there are 1 and 1 written on a board. On
every turn, one goes and writes between every two adjacent numbers their sum.
For example, after the first move there will be 1,2,1 on the board; after the
second one there will be 1,3,2,3,1 etc. Prove that, eventually, every integer n
will appear exactly ¢(n) times.
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4.4 Gaussian Numbers

Just like extending R to C empowers us to solve problems that don’t apriori
mention complex numbers (e.g. finding a root of a polynomial with real coeffi-
cients,) extending the integers Z to a ring containing i helps us solve problems
about integers. Let’s start with some definitions.

Definition 4.4.1. A complex number with integer real and imaginary parts is
called Gaussian integer. The set of such numbers is denoted as Z[i]. The norm
of a gaussian a + bi is the number a? + b2, i.e. the square of its module, and the
four numbers £1, +4 with norm 1 are called units. For a given Gaussian integer
z, the numbers +z, +iz are called its associates.

Gaussian integers that cannot be represented as the product of two other gaus-
sian integers with norm bigger than one are called Gaussian primes.

Proposition 4.4.1. Every prime p of the form 4k + 3 is also a Gaussian prime.

Proposition 4.4.2. Every prime p of the form 4k + 1 as well as p = 2 equals
the norm of some Gaussian prime.

Proposition 4.4.3. Every Gaussian prime is either the associate of a prime p
of the form 4k + 3 or a solution of zZ = p for some prime p of the form 4k + 1
or p=2.

Proposition 4.4.4. (Unique factorization) Every Gaussian integer z can be
represented in the form

a1, (e
Z:p11p22...pkk

for some positive integers «ay, as, ..., a) and Gaussian primes py,pa,...,pg in a
unique way up to substition of some of the p;s by their associates.

4.4.1 Exercises

Problem 4.4.1. (Bulgarian BO selection) For a given even integer n, let M (n)
denote the number of solutions of 22 +3? = n? +1 in positive integers and N (n)
be the number of divisor of n? + 1. Prove that M (n) = N(n).

4.5 Construction

When we have to find a number that satisfies a certain property, the possibilities
to approach the problem are, alas, countless. However, theorems of existence
provide a bit of solace. For example, the fact that there exist infinitely many
primes can be a starting point for the construction of a number with arbitrarily
many divisors. Dirichlet’s principle (pigeonhole principle) is another powerful
theorem of existence, which is, on top of all, non-algorithmic (in other words, it
states a fact of existence without giving an algorithm for finding the object we
are concerned with.)
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4.5.1 Chinese theorem of remainders

The following is a powerful statement of existence and should be borne in mind
whenever some construction is needed.

Theorem 4.5.1. For any set of mutually co-prime positive integers ay, as, . .., Gy
and any integers my, ma, ..., My there exists an integer m satisfying

m=m; (mod a;)

fori=1,2,...,n.

4.5.2 Exercises

Problem 4.5.1. (IMO, 2000) Does there exist a positive integer n such that n
has exactly 2000 prime divisors and n divides 2™ + 17

Problem 4.5.2. Let a > 1 be a positive integer. Prove that for every non-zero

P : P . a”
positive integer IV there exists a positive integer n such that N divides {J .
n

Problem 4.5.3. (Singapore Training, 2009) Determine all pairs (p, n) such that
p is prime, n < 2p, and (p — 1) + 1 is divisible by nP~1.

Problem 4.5.4. (IMO SL, 2001)(*) Is it possible to find 100 positive integers
not exceeding 25000, such that all pairwise sums of them are different?

Problem 4.5.5. (IMO, 2008) Prove that there are infinitely many positive
integers n such that n? + 1 has a prime divisor greater than 2n + v/2n.

Problem 4.5.6. (IMO, 2003) Let p be a prime number. Prove that there exists
a prime number ¢ such that for every integer n, the number n? —p is not divisible

by q.
Problem 4.5.7. (Balkan MO, 2000) Show that for any n we can find a set X

of distinct integers greater than 1, such that the average of the elements of any
subset of X is a square, cube or higher power.

Problem 4.5.8. (IMO, 1998) For any positive integer n, let 7(n) denote the
number of its positive divisors (including 1 and itself). Determine all positive
integers m for which there exists a positive integer n such that

7(n?) B

T(n)

Problem 4.5.9. (IMO SL, 1998) Prove that for each positive integer n, there
exists a positive integer with the following properties:

(i) it has exactly n digits, none of which is 0;

(ii) it is divisible by the sum of its digits.
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Problem 4.5.10. (IMO SL, 1999) Let n, k be positive integers such that n is
not divisible by 3 and k > n. Prove that there exists a positive integer m which
is divisible by n and the sum of its digits in decimal representation is k.

Problem 4.5.11. (IMO SL, 1999)(*) Prove that for every real number M there
exists an infinite arithmetic progression such that:

(i) each term is a positive integer and the common difference is not a multiple
of 10;

(ii) the sum of the digits of each term (in decimal representation) exceeds M.

Problem 4.5.12. (Moskow Olympiad?) A sequence of length n that contains
n consecutive integers in some order is called an n-stretch. For example, 5, 3,2,4
is a four-stretch. Addition of two n-stretches is defined as the sequence whose
1th element is the sum of the ith elements of the stretches. For which n do there
exist two n-stretches whose sum is also an n-stretch?

Problem 4.5.13. Determine all n for which the divisors of 2001™ (including 1
and itself) can be split into triplets with equal product of the three numbers in
each triplet.

Problem 4.5.14. (Kvant, 1988) Let n, m, k be positive integers such that m >
n and
14243+ +n=mk.

Prove that the numbers 1,2, 3,...,n can be split into k£ groups so that the sum
of the numbers in each group be m.

4.6 Backward induction

4.6.1 Continued fractions
Definition 4.6.1. A fraction of the form

1
a=ag+———73—,
ay + a2+ﬁ
where a; are integers and (except possibly ag) positive, is called continued frac-
tion and can be shorthanded as [ag, aj,az,...]. We call the continued fraction
finite or infinite depending on whether the sequence ag, a1, . . . is finite or infinite.

Proposition 4.6.1. Every real number can be uniquely represented as a con-
tinued fraction. The continued fraction is finite iff the number is rational.
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4.6.2 Pell’s equations

Definition 4.6.2. For every D which is not a perfect square, Pell’s equation is
defined as follows:
2?2 —Dy* =1, (4.1)

where x and y are positive integers.
Before we proceed any further, notice that
e If D is a positive integer but not a perfect square, then v/ D is irrational;

e If a,b,c,d are integers and « is irrational, then a + ab = ¢ + ad implies
that a = c and b =d.

Pell’s equations provide the backbone of a more generic class of equations
2 — Dy? = M. While these equations are quite boring when D is a perfect
square (as the left side factors and it all comes down to representing M as a
product, which can only happen in finitely many ways,) the case when D is not
a perfect square, i.e. when v/D is irrational, is quite interesting.

Proposition 4.6.2. There exist infinitely many solutions to Pell’s equation
4.1. Moreover, if (x1,y;) is the solution for which = + v/ Dy is minimal, then all
solutions (z,,y,) are given by

Ty + \/Eyn = (x1 + \/Byl)n .

The general case is not much different, except that it might not have a
solution.

Proposition 4.6.3. If D is a positive integer but not a perfect square, and the
equation 2 — Dy? = M has at least one solution in positive integers, then all
solutions are given by

Tn + \/Eyn = (mo + \/ﬁyo) (3:1 + \/5y1)n )

where (z¢,%0) and (z1,y;) are the minimal solutions in terms of z ++/Dy of the
equations z2 — Dy? = M and 22 — Dy? = 1 respectively.

4.6.3 Exercises

Problem 4.6.1. (Singapore Training, 2009) Let o > n > 1 be integers. Prove
that the equaiton
xf+x%+~~+xi:amx2~~xn

has no integer solutions other than (0,0,...,0).

Problem 4.6.2. (IMO, 1988) Let a and b be two positive integers such that

a? + b?

ab+1

ab + 1 divides a? + b2. Show that is a perfect square.
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Problem 4.6.3. (Bulgarian BO selection) If m, n, and k are positive integers
2 2
such that menT k, prove that k = 5.
mn —1
Problem 4.6.4. (IMO, 2007) Let a and b be positive integers. Show that if
4ab — 1 divides (4a® — 1)?, then a = b.

4.7 Unsorted

Problem 4.7.1. (Kvant, 1990) A chess tournament, in which n players played
against each other, is called logical if no player A beat another player who scored
at least as much as him/her in the final ranking (for a win there is 1 point, for
a draw there is a half point, and for a loss there are no points.) Prove that no
matter the final results, it would have been possible to achieve the same final
results (distribution of points among the contestants) in a logical tournament.

Problem 4.7.2. If a and b are positive integers such that
a2
(2a — b)b2 +1
is an integer, prove that either b =1 or b = 2a.

Problem 4.7.3. (Kvant 1976)

(i) Using only the digits 1 and 2, prove that one can write 2" numbers,
each with 27 digits, so that every two differ in at least 27! places.

(ii) Prove that onne cannot find more than 2"+ such numbers with 2" digits.

Problem 4.7.4. (Singapore MO, 2006) Let n be a positive integer and let
51,52, ...,S8, be a collection of 2n-element subsets of {1,2,3,...,4n—1,4n} so
that S; N S; contains at most n elements for all ¢ # j. Show that

k<672 .

Problem 4.7.5. (Hypothesis) Given are n vectors, each of length less than 1,
which sum up to 0. Prove that they can be ordered as a1, as,...,a, in such a
way that for each k =1,2,...,n be true:

k
E (473
i=1

Problem 4.7.6. (Singapore Training, 2009) Prove that for any real x and
positive integer n,

<1




Chapter 5

Hints to the exercises

5.1 Algebra

1.5.7 Show that for any k, there is an n > k such that f(n) <k + 1.

5.2 Geometry

2.4.7 Project KN and OM onto a line.

5.3 Combinatorics
-1
3.2.5 Consider the polynomial (azn 1 )
n—
3.10.9 Consider the functions sinh(x) and sinh(2z).

p—1
33.22 PrOVe that Z (Ff_l —|— Fg_l + e + FZIJ—_ll) over all T1,T2,. .. ’x(p71)2+1
(p—1)*+1
in Z, is congruent to 0, where F; = Z aﬂxﬁ_l fori=1,2,...,p— 1.
j=1

3.5.5 Consider Za[w] where w? = 1.

3.8.12 Put all in the same room and consider sending members of the largest
clique over to the other room.
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5.4 Number Theory

4.1.4 Consider the numbers {%J for k=2,3,....

4.3.5 Consider a polynomial in Z,.
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