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Abstract

Sometimes number theory and combinatorics problems can be eas-
ily translated into algebra problems by introducing suitable polynomi-
als. The present note considers such applications in connection with
some problems from various mathematical competitions and olympiads.

We will use the following notation:
(1) F,, — the field of residues modulo p, where p is a prime number;
(2) f € F[z] will mean that f(z) is a polynomial over the field F, i.e. its
coeflicients are elements of F.

Often, we will use the following facts:
(1) If the number of distinct roots of a polynomial is greater than its degree,
then this polynomial is identically zero;
(2) If a polynomial f € F[x] has a root x¢, then f(x) can be represented in
the form f(x) = (z — z9)g(z) for some polynomial g € Fx].

The first problem appeared on the selection test for the Balkan Mathe-
matical Olympiad in 2001.
Problem 1. For an arbitrary set S = {a1,a2,...,a;} of integers with

1<a <ag < -+ <ap <2000

define the set

a(5) = St thatl o at 1}, if a), < 2000,
{1,2,...,2000} \ {a1 +1,a2 +1,... a1 + 1}, if ax = 2000.

Prove that ®2°01(S) = S, where ®2°01(S) is the 2001st iteration of ®.



Solution. Consider the polynomial
Fl@) = 2@t 4 gl 4o gl
Since ar — 1 <1999, deg f < 1999. Denote
a(r)=14z+ 2%+ 4 22090
and define the polynomial sequence

fO(l‘)afl(x)?fQ(l‘)a"-a
with fo(x) = f(z), and

fioi(z) = {xfi(x) if deg fi(x) < 1998;
; a(z) —xfi(z) if deg fi(z) = 1999.

It is clear that if ®(S) = {b1,ba,...,by} for some positive integers b; <
by < -+ < by, then

filz) = ah ot g

which shows that the coefficients of f;(x) are equal to 1, and that the degree
of fi(z) is less than 2000. Moreover, we have

fi(x) = pi(x)a(z) £ o' f(x).
For ¢ = 2001 we get either
faoo1 () = p(x)a(z) + 2 f(x)
or

fao01(z) = p(x)a(z) — 22 f(x).

In the first case

Faoo1(2) = f(z) = p(x)a(z) + (" = 1) f(2) = a(z)(p(z) + (z — 1) f(2)).

Then, the polynomial fogo1(z) — f(x) is of degree < 1999, and it is divisible
by a(x), hence it is identical to 0. Therefore, we have fo001(z) = f(x),
which means that ®2°°1(S) = S. Analogously, in the second case we obtain
f2001(x) = —f(x), which is a contradiction, since the coefficients of f(x) and
f2001(z) are positive. O



Problem 2. Prove that if ag,aq,...,a,_1 are real numbers with
ap+ay+---+ap—1=0,

and if the cyclic sum

1

ZC: ai(ai + ai+1) -+ (@i + @ip1 + - + Aign—2)

is well defined, then this sum is equal to 0.

Solution. Clearly n > 2 for the cyclic sum to be well defined. Let
si=ap+ar+ - +aj—1

and siy, = sy for all k € Z. We have to prove that

> ! =0.

= (sit1 = si)(sit2 = 8i) - (Sitn—1 — i)

Notice that if i # j for ¢,j € [0,n — 2], then s; # s; since the cyclic sum is
well defined. Replacing s,—1 by x, let us consider the rational function

1
S(@) = so—x)(s1—x) - (Sp—2 — a:)+

n—2

1
(s = si)(s1 = 8i) -+ (si1 — si)(si41 = 81) -+ (Sn—2 — si)(x — 8i)
—1)" A4+ 3 A — so)(@ — 1) - (@ = sim1) (@ = si1) - (@ — sama)
Az — so)(x —s1) - (& — Sp—2)

P(x)
Alx — s0)(x —81) (& — sp—2)’

where A, Ag, A1, ..., A,_o are constants defined by

A= H (Si_sj)7

0<i<j<n—2

A
(50— 8i)(s1 = 8i) =+ (8i—1 — 8)(Si+1 — 8i) -+ (Sn—2 — 8i)

and the degree of the polynomial P(z) is not greater than n — 2. Note that
P(s;)) =0 fori=0,1,...,n — 2, which yields n — 1 distinct roots of P(x).

A=




Therefore P(z) = 0 and in particular P(s,—1) = 0, hence S(s,—1) = 0 and
the proof is complete. O

Problem 3. Prove that
" n\ (kn—1
1 n—k =1
o () (50

for every positive integer n.

Solution. Let

(zn —1)(zn —2)--- (zn —n+1)
(n—1)! ’

Jo(z) =
and consider the sequence of polynomials

fo(x), fi(x),...

defined by the recurrence

S (@) = fe(x) = fo(z +1).
Since deg fo = n — 1 and deg fry+1 < deg fx, it follows that f, = 0. Then,
from the identities

i

i) = S 0F () ) ot + 1

k=0

and L )
n f—
Jolk) = < n—1 >
we obtain
- n\ (kn—1
0= fa(0) = fo(0) + > _(-1)" :
k n—1
k=1
Therefore
- n\ (kn—1
1 k — = (—1)"
S0t (1) (5 7)) = =0 = -
k=1
and multiplying both sides by (—1)" completes the proof. O

The following problem is original to the author.
Problem 4. Let p > 2 be prime. There are p numbers written in a circle.



At each move, simultaneously each number is replaced by the number plus
its right neighbor minus twice its left neighbor. Prove that after p — 1 moves
all numbers will have the same remainder modulo p.

Solution. Let the given numbers be ag, a1, ..., a,—1. Consider the following
polynomial fo(z) € Z[x]:

fo(z) =(=ao)(z = 1)(z = 2)--- (z —p+ 1)+
x—2)---(x—p+ 1)+
r—1)(x—-3)---(x—p+1)+
(—ap-)a(a —1)--- (& = p+2).
Notice that deg fy < p — 1. Furthermore, observe that
foli) = (~ap)il(p — 1 = (-1 = (~a)(p— 1! =a; (mod p)
from Wilson’s theorem. Define the sequence

frr(@) = fr(@) + fr(z + 1) = 2fp(z = 1).

Notice that the set of values fx(i),7 =0,1,...,p — 1 represents the residues
modulo p of the given integers after the k-th move. Since the leading term
cancels at each step, we have

deg fry1 < deg fy,

unless deg fr = 0, in which case deg frx+1 = 0. Since deg fo < p — 1 we get
deg fp—1 < 0, which yields that f,_1 is a constant polynomial. Hence the
numbers f,_1(7) for i =0,1,...,p — 1 are equal. O

The next problem is from the final round of the Romanian Mathematical
Olympiad in 2001.
Problem 5. Find all pairs (m,n) of positive integers, such that m divides
a®—1fora=1,2,...,n.

Solution. Clearly, the pairs (1,k) and (k, 1) satisfy the requirements for
every natural k. Now, suppose that m,n > 1. Let p be any prime divisor
of m. Since p | (a" — 1) for a = 1,2,...,n, it follows that n < p, otherwise
we would get a contradiction with p t (p" — 1). Then, we have that the
polynomial

f(z) =2" —1 e Fplz]



can be factored over IF):
2" —1=(zx—-1)(x—2)---(z—n) (mod p).
Comparing the coefficients of "1, we get

n(n+1)

0=14+2+---+n= 2

(mod p).

From here p | (n 4+ 1), and therefore n + 1 = p. This means that m has
exactly one prime divisor, and thus m = p® for some positive integer «.
Assuming that a > 2, we have

Pl (a7t = 1)

fora=1,2,...,p— 1. On the other hand, from p =n+1 > 2, we have

(p-1Pt-1= <p

Thus, o < 1. It is easy to see that the pair (p,p — 1) is a solution for any
prime p. Finally, the answer is: (1, k), (k,1), and (p,p — 1) for every prime
p and natural k.

-1

L)1 = a1 20 o 7).

The following problem is from the Polish Mathematical Olympiad in
1995.
Problem 6. Let p > 3 be a given prime. Define the sequence (a,) by

n, 0<n<p-1
ap = .
an—1 + Ap—p, n=p
Determine a,3 (mod p).
Solution. Define another sequence (b,) by b, = ay,s_, forn =0,1,... ,p>.

Obviously, it satisfies
by, = bnfp - bnprrl

for n > p. We can extend this sequence using this recurrence by defining b,
for n > p3. Now, if 1, 9, ... ,xp are the roots of

tx)=1—x— 2P,

then it is easy to see that x; # x; for i # j. Hence, there exist unique
numbers \; € C,7=1,2,...,p, such that

by, = Mzl + dexy + -+ + )\pr.
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Obviously, if f € Z[x] then
P
> Xif ()
i=1

is an integer, as it is a linear combination of some of the terms of (b,). We
will show that

by =bpyp21  (mod p)

for n > 0. Now we have:

a?” =@’ =1-z—tx)’=>0—-2)’ +t(x)u(z) =
1 -2 +t(x)u(x) =z +t(x)(u(z) + 1) = 2+ t(z)v(z) (mod p).

Putting x = 0 we obtain

and ,
t(x)A(z) = 2”1 =1 (mod p).

So, there exists a polynomial B(x) € Z[z], such that
t(x)A(x) + pB(z) = a1

Then, since t(z;) =0 for i = 1,2,...,p, we have
P 2
butppt —bn =) Nall(af ' 1) =
i=1
P
Z NixipB(z;) =
i=1

P
p Z Nixy B(xi) = pen,
i=1

where ¢, is an integer according to the observation above. Finally,
aps =bo =bys_, —plco+c1+ -+ ¢p-1) = ap + pC,

and the answer is p — 1. O



The next problem was used for the preparation of the Bulgarian team

for the 41st IMO in South Korea.
Problem 7. Two different multisets {ai,as,...,a,} and {b1,ba,...,b,}
are given. A multiset is a set with possible repetitions. Prove that if the
multisets

{ai+a;|1<i<j<n}
and

{bi+bj‘1§i<j§n}

coincide, then n is a power of 2.

Solution. Consider the polynomials
flz) =2 + 2% 4 4 2%

and

glz) = 2% + 22 ... 4 2P,

From the hypothesis we have

Denoting
h(z) = f(z) — g(z) # 0,
we get
h(z)(f(2) + g(x)) = h(z?).
If now
hz) = (z —1)"p(z), p(1)#0,
then
p(a)(f(z) + g(x)) = (z + 1)"p(a?),
and
p()(f(1) +9(1)) = (1 +1)"p(1).
Therefore,
on = f(1) +g(1) =2 = n=2m"1
and the proof is complete. O

The next problem is taken from the American Mathematical Monthly.
Problem 8. Let p be an odd prime. Prove that

p—1
2

p—1
Z 20iP~2 = Zip_Q (mod p).
i=1

=1
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Solution. This congruence, considered as an identity in IF,,, can be written
in the form

Indeed, by Fermat’s theorem, i? = i (mod p), and hence i € [1,p — 1] =

P72 =" in F,. Since
i

p—1 1 p—1
—=)» i=0 (mod p),
=1 ¢ i=1
then
—1)i 1 1
T Lo — Z (2i - 1) ZM: i
=1 =1 71 =1 2 i=1

Further, we consider the polynomial

p—1 7
= Z 77 f € Fp[x]
=1

The assertion reduces to proving the equality

Actually, a stronger assertion holds:

f<x+;)—f<—x+;>.

The claim follows by putting z = % Note that

|
f,($):1+$++l’p_2:ﬁ

for  # 1. Moreover, the polynomial

f (x+;> + f (—x+;)



k
has p — 1 distinct roots x; = 3 for k=1,2,...,p— 1 and is of degree less

f’(:c—i-;)—kf/(—x%-;) =0.
() r(oeed).

which completes the proof. O

than p — 1, hence

Therefore

Problem 9. Compute the sum modulo p of all the primitive roots of p,
where p is a prime number.

Solution. Let S be the set of all the numbers a € [1,p — 1], such that
a® =1 (mod p), and a' #Z 1 (mod p) for I € [1,k — 1]. (Si could be empty
for some k.) Denote

filw)= [[ (@ —a),  fr € Fpla]

a€Sk

for every positive divisor k of p— 1, and let by be the coefficient of zd¢8 fr—1,
Note that

H fe(x) =23 =1 (mod p)

kl|d

for every divisor d of p—1. Moreover, the leading coefficients of fj, are units,
so that

Zbk =0 (mod p)

k|d

for d > 1. As it is known for the Mobius function p,

> ulk) =0

kld
for d > 1, so an easy induction proves that
by = —n(k) (mod p).

Therefore, the sum of the roots of f,_1 — the primitive roots modulo p — in
Fp is
—Up—-1 = M(p - 1)
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