
Problem selection

Vladimir Barzov

This is a collection of original math problems and their solutions. The problems have
been categorized as per IMO’s standard into algebra, geometry, combinatorics, and number
theory sections.

1 Algebra

1.1

Let n > 1.
0 = a1 < a2 < . . . < an, 0 = bn < bn−1 < . . . < b1.

We set

αi =

√√√√√1−
√√√√ 1

1 +
(

aibi+1−biai+1

aiai+1+bibi+1

)2 , i = 1, 2, . . . , n− 1.

Prove that
n−1∑
i=1

αi < 1.111.

Solution: From a2i + b2i > 0, without loss of generality we may replace {ai, bi} by{
ai√

a2i + b2i
,

bi√
a2i + b2i

}
, i = 1, 2, . . . , n,

without changing the values of α1, α2, . . . , αn−1 as the expression inside the innermost
brackets is homogeneous in ai and bi, hence we can scale the ai and bi by the same factor
to get a2i + b2i = 1. Now, the expression for αi simplifies to:

αi =

√
1− aiai+1 + bibi+1√

(a2i + b2i )(a
2
i+1 + b2i+1)

=
√

1− (aiai+1 + bibi+1)

=
1√
2

√
1− 2aiai+1 − 2bibi+1 =

1√
2

√
(ai − ai+1)2 + (bi − bi+1)2.

Consider a coordinate system and points with coordinates (ai, bi). They lie in the first
quadrant of the circle x2+y2 = 1. Since ai increases and bi decreases, the ratios ai/bi strictly



increase, hence the angles ∠AiOx strictly decrease. Therefore the points are distinct and
appear in clockwise order in the first quadrant, with A1 lying exactly on the y-axis. Then

√
2

n−1∑
i=1

αi

represents the length of the polygonal line A1A2 · · ·An. Since each |AiAi+1| is a chord in a

circle and is strictly shorter than the arc
⌢

AiAi+1, the length of this line is strictly shorter
than the sum of the lengths of the arcs, which in turn is no greater than a quarter of the
perimeter of the circle, namely π/2. It follows that

n−1∑
i=1

αi <
1√
2
· π
2
= 1.1107 < 1.111.

Notice that the bound is quite sharp. □
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1.2

A sequence of pairs of numbers (a1, b1), (a2, b2), . . . , (a2001, b2001) is given such that

(a1, b1) = (0, 1)

and for n = 1, 2, . . . , 2000 either

(an+1, bn+1) = (−an, bn)

or

(an+1, bn+1) =

(
5

4
an +

3

4
bn,

5

4
bn +

3

4
an

)
.

Prove that
(a1 + b1)(a2 + b2), . . . (a2001 + b2001) ≥ 1.

Solution: Let ε = ln 2, so that sinh(ε) = 3/4 and cosh(ε) = 5/4. We claim that the
representation

(an, bn) = (sinh(αn), cosh(αn)) (∗)

holds for α1 = 0. Next, for n ≥ 1, either

(an+1, bn+1) = (−an, bn) = (sinh(−αn), cosh(αn))

or

(an+1, bn+1) =

(
5

4
an +

3

4
bn,

5

4
bn +

3

4
an

)
= (cosh ε sinhαn + sinh ε coshαn, cosh ε coshαn + sinh ε sinhαn)

= (sinh(αn + ε), cosh(αn + ε)).

Therefore, the identity (∗) remains valid for all n where

αn+1 = −αn or αn+1 = αn + ε.

We shall prove the following
Lemma.

α1 + α2 + . . .+ αn ≥ 0 for n ≥ 1.

Proof: Let us encode the given sequence satisfying the above properties by means of
a symbolic string of x and y (whose length is one less than the length of the sequence),
corresponding to the case αn+1 = −αn or αn+1 = αn + ε. For example, for the sequence

0, ε, 2ε,−2ε,−ε, ε

the symbolic string representation is yyxyx. For completeness, let the empty string corre-
spond to the single-term sequence α1. For every such string A we define by s(A) the sum
of the members of the sequence. We shall make the following observations:
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• Observation 1. For every symbolic sequence A,

s(A) = s(Axx) = s(Ayx),

because if α is the last term of the sequence encoded by A, the only difference with
Axx is the last two terms (−α), α, and the only difference with Ayx is the last two
terms α + ε,−(α + ε). In both cases the terms sum to 0.

• Observation 2. A leading x replaces α1 = 0 with the pair (0, 0). Therefore any
number of leading x’s simply inserts zeros into the sequence and does not change the
sum, hence

s(xA) = s(A).

• Observation 3. If α is the last term of the sequence encoded by A, the only difference
between AyxyB and AxB is the two terms following A, namely α+ ε,−(α+ ε), after
which point the two sequences continue with −α the same way. Therefore

s(AyxyB) = s(AxB).

To prove that there is no sequence with negative sum, assume the contrary, and let’s
pick the shortest such symbolic string. We can assume it has more than 1 symbols, as
the cases for 0 and 1 can easily be examined: the empty string gives rise to 0, and the
one-symbol string sequences x and y give sums 0 and ε respectively. In any of these cases,
the sums are non-negative. So the shortest sequence must have more than 1 symbols.

By the symbolic analogue of this sequence, the string does not begin with x (due to
observation 2), as it could otherwise be reduced to a shorter one that still has negative sum.
Furthermore, it does not end with x either due to observation 1, as we could otherwise chop
the last two symbols regardless if they are xx or yx. Then it must begin and end with
y, and according to observation 3, it must not contain x, else it would be reducible to a
shorter one. So the string contains only y, and hence its corresponding α sequence is

0, ε, 2ε, . . . , kε

which has nonnegative sum – a contradiction. Thus the lemma is proved and so

2001∏
i=1

(ai + bi) =
2001∏
i=1

(sinh(αi) + cosh(αi)) =
2001∏
i=1

eαi = e
∑2001

i=1 αi ≥ 1.
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1.3

Given a finite set A0 of rational numbers. We define the sequence of sets

Ak+1 =

{
x+ y

1 + xy
| x, y ∈ Ak, xy ̸= −1

}
, k = 0, 1, . . .

Prove that there exists a rational number which does not belong to any of the sets Ak, for
k = 0, 1, . . .

Solution: If 1 is not in A0, then it is not in any of the subsequent sets since

x+ y

1 + xy
= 1 ⇒ x = 1 or y = 1.

In such a case, 1 would be the rational number we are looking for. So from now on, we
assume that 1 ∈ A0. Let

A0 = {1, a1, a2, . . . , an},

where ai ̸= 1. We define

vk =
1 + ak
1− ak

.

We shall prove by induction on k that every element x ∈ Ak, x ̸= 1 is representable as

f(vα1
1 vα2

2 . . . vαn
n ), αi ∈ N0,

where

f(x) =
x− 1

x+ 1
.

Indeed:

f(vk) =

1+ak
1−ak

− 1
1+ak
1−ak

+ 1
=

2ak
2

= ak,

so the statement is true for all elements in A0.
Next, observe that

f(x) + f(y)

1 + f(x)f(y)
=

x−1
x+1

+ y−1
y+1

1 + x−1
x+1

y−1
y+1

=
2xy − 2

2xy + 2
=

xy − 1

xy + 1
= f(xy).

So for every two elements x and y in Ak with xy ̸= 1, the induction provides representations
f(vα1

1 vα2
2 . . . vαn

n ) and f(vβ1

1 vβ2

2 . . . vβn
n ), so we have

x+ y

1 + xy
= f(vα1+β1

1 vα2+β2

2 . . . vαn+βn
n ).

That means all elements in Ak+1 are representable in the desired form, which completes
the induction. Thus

Ak ⊆ A ∪ {1} for k ≥ 0, (∗)
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where
A = {f (vα1

1 vα2
2 . . . vαn

n ) | αi ∈ N0, i = 1, 2, . . . , n} .

Let p be a prime number, greater than any prime number in the prime factorization of the
numerators and denominators of the rational numbers vi, i = 1, 2, . . . , n. Such a prime p
exists since there are finitely many vi, and it has no representation of the form

p = vα1
1 vα2

2 . . . vαn
n ,

since none of the factorizations of the numerators and denominators of vi contain the prime
p. Furthermore, notice that f(x) is a bijection

f : R \ {−1} → R \ {1},

as it is defined for every real number different from -1, and for every number y ̸= 1 there is a
unique solution x = (1+ y)/(1− y) to f(x) = y. Since p cannot be expressed as vα1

1 · · · vαn
n ,

from the bijection we get that f(p) /∈ A, and since f(p) ̸= 1, it means the rational number
f(p) is not in any Ak, which completes the proof. □
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1.4

The lateral surface of a cylinder whose circumference is the odd prime p and whose height
is a positive integer k is divided into unit squares. In each square a real number is written.
For every square, the sum of the numbers written in its left and right neighbors equals the
sum of the numbers written in its vertical neighbors (above and below), whenever these
neighbors exist. Moreover at least one of the numbers is nonzero. Prove that k ≥ p− 1.

Solution: Let us choose one column and consider the rows as p–dimensional vectors
whose first coordinate lies in the chosen column. Let us index the vectors as a1, a2, . . . , ak.
We also define a0 = ak+1 = 0⃗ for completeness. Let C be the cyclic p× p shift matrix that
has ones on the first upper diagonal with its wraparound entry and zeros everywhere else,
i.e. Cij = 1 for (i, j) = (1, 2), (2, 3), . . . , (p − 1, p), (p, 1). It is easy to see that Cm is the
matrix with ones on the m–th upper cyclic diagonal. Hence Cp = I (the identity matrix),
so Cp−1 = C−1. The condition of the problem translates into the following relation for the
vectors ai:

ai−1 + ai+1 = (C + C−1)ai, i = 1, 2, . . . , k − 1. (∗)

For the last k-th vector we have

ak−1 = (C + C−1)ak,

and since we defined ak+1 = 0⃗, the expression (∗) can be extended to i = k. Then from (*)
we have

ai+1 − Cai = C−1(ai − Cai−1)

= C−2(ai−1 − Cai−2)

· · ·
= C−i(a1 − Ca0) = C−ia1.

Hence by induction

ai+1 = (Ci + Ci−2 + · · ·+ C−(i−2) + C−i)a1, i = 1, 2, . . . k.

Clearly a1 ̸= 0⃗, otherwise the recurrence would imply ai = 0⃗ for all i, which would
contradict the condition. Applying the above to i = k and using ak+1 = 0⃗, we get Ba1 = 0⃗,
where

B = Ck + Ck−2 + · · ·+ C−k+2 + C−k.

Now, using Ba1 = 0⃗ we get

0⃗ = CBa1 = (CB +B)a1 = (Ck+1 + Ck + · · ·+ C−k+1 + C−k)a1.

Multiplying both sides by Ck we get

Ta1 = 0⃗,

where T = C0 + C1 + · · ·+ C2k+1.
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If we suppose that k < p − 1, since p is odd, we have (2k + 2, p) = 1, so there exist
positive integers m and r such that m(2k+2) = rp+1. From Ta1 = 0⃗ and Cp = I we have

0⃗ = Ta1 = (I + C2k+2 + C2(2k+2) + · · ·+ C(m−1)(2k+2))Ta1

= (T + C2k+2T + · · ·+ C(m−1)(2k+2)T )a1

= (I + C + C2 + · · ·+ Crp)a1

= rpDa1 + Ia1,

where D is the matrix with only 1 in all its entries. Let a1 = (x1, x2, . . . , xp). Then

rp(x1 + x2 + · · ·+ xp) + xi = 0, i = 1, 2, . . . , p.

Therefore

rp

p∑
j=1

xj + xi = 0 = rp

p∑
j=1

xj + x1

for all i, which means xi = x1 for all i. Now we have

0 = rp

p∑
j=1

xj + x1 = rp

p∑
j=1

x1 + x1

= rp2x1 + x1 = (rp2 + 1)x1.

Therefore x1 = 0 and so xi = x1 = 0 for i = 1, 2, . . . , p, implying that a1 = 0⃗, which is a
contradiction. Thus k ≥ p− 1 and the problem is solved □
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1.5

A sequence of polynomials is defined in the following way:

p0(x) = x,

pn(x) = 1 + p0(x)p1(x) · · · pn−1(x), n = 1, 2, . . .

Prove that for n > 0 the number of odd coefficients of pn(x) is one more than some integer
power of the number 2.

Solution: We have
p1(x) = 1 + x

and
pn(x) = 1 + (pn−1(x)− 1)pn−1(x) = pn−1(x)

2 − pn−1(x) + 1.

From now on, we work modulo 2. First, notice that for every polynomial q(x) we have

q(x)2 = (a0 + a1x+ · · ·+ anx
n)2

= a20 + a21x
2 + · · ·+ a2nx

2n + 2
∑
i ̸=j

aiajx
i+j

= a0 + a1x
2 + · · ·+ anx

2n = q(x2).

Therefore, from the recursive relation for pn, we have

pn(x) = pn−1(x)
2 − pn−1(x) + 1 = pn−1(x

2) + pn−1(x) + 1. (∗)

By induction, it is seen that the degree of pn(x) is exactly 2n−1, that it always has a
constant term 1, and that besides x0 it has nonzero coefficients only in front of x2i for some
i ≥ 0. Let the coefficient in front of x2i be a

(n)
i for i = 0, 1, . . . , n− 1, i.e.

pn(x) = 1 + a
(n)
0 x20 + a

(n)
1 x21 + a

(n)
2 x22 + · · ·+ a

(n)
n−1x

2n−1

.

From (*), we know that:

• the coefficient in front of x = x20 in pn(x) is only contributed by pn−1(x), so a
(n)
0 =

a
(n−1)
0 ;

• the coefficient in front of x2n−1
in pn(x) is only contributed by pn−1(x

2), so a
(n)
n−1 =

a
(n−1)
n−2 ;

• for 1 ≤ i ≤ n − 2, the coefficient in front of x2i in pn(x) is the sum of a
(n−1)
i−1 , owing

to pn−1(x
2), and a

(n−1)
i , owing to pn−1(x), so a

(n)
i = a

(n−1)
i−1 + a

(n−1)
i .

But that is the exact recurrence relation that the binomial coefficients satisfy, namely(
n

k

)
=

(
n− 1

k − 1

)
+

(
n− 1

k

)
.
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Therefore, by induction, we get

a
(n)
i =

(
n− 1

i

)
.

Thus the number of odd coefficients of pn(x) is 1 plus the number of odd binomial
coefficients of order n − 1. But from Lucas’ theorem,

(
n−1
i

)
is odd exactly when every

digit in the binary representation of n− 1 is at least the corresponding digit in the binary
representation of i. That means a

(n)
i ̸= 0 for precisely those i that have 0 wherever n − 1

has 0 and 0 or 1 whenever n− 1 has 1. The number of such i is thus

2S(n−1),

where S(n− 1) is the number of 1s in the binary representation of n− 1. That completes
the proof. □
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1.6

Prove that the following holds for every positive integer n:∣∣∣{n
1

}
−
{n
2

}
+
{n
3

}
− · · ·+ (−1)n−1

{n
n

}∣∣∣ < √
2n.

Solution: For n = 1, 2, 3, 4 we verify directly, so we can assume n > 4. Let us take an
integer k ∈ [

√
n, n]. We know that k > 2. We shall split the sum in two parts and bound

each part separately:

Ak =
{n
1

}
−
{n
2

}
+
{n
3

}
− · · ·+ (−1)k

{
n

k − 1

}
and

Bk =
{n
k

}
−
{

n

k + 1

}
+

{
n

k + 2

}
− · · ·+ (−1)n−k

{n
n

}
= Ck −Dk,

where

Ck =

(
n

k
− n

k + 1
+ · · ·+ (−1)n−kn

n

)
,

Dk =

(⌊n
k

⌋
−
⌊

n

k + 1

⌋
+ · · ·+ (−1)n−k

⌊n
n

⌋)
.

With respect to Ck we have:

Ck =
n

k
−
(

n

k + 1
− n

k + 2

)
− · · · ≤ n

k
,

since all the terms in the brackets are positive (no matter whether the last bracket contains
one or two terms). Furthermore, equality holds only when k = n, when the bracketed terms
are missing.

Furthermore,

Ck =

(
n

k
− n

k + 1

)
+

(
n

k + 2
− n

k + 3

)
+ · · · > 0,

so we conclude 0 < Ck ≤ n
k
.

For Dk we have

Dk =

(⌊n
k

⌋
−
⌊

n

k + 1

⌋)
+

(⌊
n

k + 2

⌋
−
⌊

n

k + 3

⌋)
+ · · ·

For k ≥
√
n and for i = 0, 1, . . . we have

n

k + 2i
− n

k + 2i+ 1
<

n

k(k + 1)
< 1,

and so ⌊
n

k + 2i

⌋
−
⌊

n

k + 2i+ 1

⌋
∈ {0, 1}.
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Notice that among the inequalities⌊
n

k + i

⌋
−
⌊

n

k + i+ 1

⌋
≤ 1

exactly
⌊n
k

⌋
−1 are strict, since the telescopic sum of all those terms for i = 0, 1, . . . n−k−1

is exactly ⌊
n

k + 0

⌋
−
⌊n
n

⌋
=
⌊n
k

⌋
− 1.

Then at most
⌊n
k

⌋
− 1 of the inequalities⌊

n

k + 2i

⌋
−
⌊

n

k + 2i+ 1

⌋
≤ 1

are strict too (the even indices being a subset of all), and therefore

0 ≤ Dk ≤
⌊n
k

⌋
− 1 <

n

k
,

where Dk = 0 is not possible for k = n, because then Dk = 1. Finally

|Bk| = |Ck −Dk| <
n

k

and therefore the inequality is strict.
For Ak we have

−
{n
2

}
−
{n
4

}
− · · · ≤ Ak ≤

{n
3

}
+
{n
5

}
+ · · ·

From

0 ≤
{n
i

}
≤ i− 1

i
≤ k − 2

k − 1

it follows

|Ak| ≤
⌈
k − 2

2

⌉
k − 2

k − 1
≤
(
k − 2

2
+

1

2

)
k − 2

k − 1
=

k − 2

2
.

Since the sum in the statement is equal to Ak + (−1)k+1Bk and

|Ak ±Bk| ≤ |Ak|+ |Bk| <
k − 2

2
+

n

k
,

to complete the proof we need to find some k ∈ [
√
n, n] such that:

k − 2

2
+

n

k
≤

√
2n.

That last inequality is equivalent to

k2 − (2 +
√
8n)k + 2n ≤ 0,

12



and so k must lie between the roots of the quadratic equation, i.e. it must satisfy

k ∈ [γ − δ, γ + δ],

where γ =
√
2n+ 1 and δ =

√√
8n+ 1.

We shall show that the choice of k =
⌈√

2n
⌉
satisfies both requirements. First, k <

1 +
√
2n = γ < γ + δ. Next, k ≥

√
2n = γ − 1 > γ − δ, since δ > 1. That gives us

k ∈ [γ − δ, γ + δ]. That k >
√
n follows directly from k ≥

√
2n >

√
n. And finally, since

k < γ, to prove k ≤ n, it suffices to show that γ < n. But

γ < n ↔ 2n < (n− 1)2 ↔ 0 < n(n− 4) + 1,

which is true for n ≥ 4. Therefore k ∈ [
√
n, n] and all requirements are satisfied. □
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1.7

Prove that
a) there does not exist a function f : R+ × R+ → R,
b) there exists a function f : Q+ ×Q+ → Q,
such that for all a < b < c in the domain of f holds:

f(a, c) < f(a, b) < f(b, c).

Proof a) Suppose that such a function exists. For every positive real number x, using
a = x, b = 2x, c = 3x, we get

f(x, 3x) < f(x, 2x).

For every x, consider the interval ∆(x) = (f(x, 3x), f(x, 2x)). We shall see that these
intervals are pairwise disjoint. Let us take any x < y and examine the three possibilities:

• Case 1. y > 2x. We have x < 2x < y < 3y. Taking a = x, b = 2x, c = 3y, we obtain
f(x, 2x) < f(2x, 3y); and taking a = 2x, b = y, c = 3y, we obtain f(2x, 3y) < f(y, 3y).
Combining the two inequalities gives f(x, 2x) < f(2x, 3y) < f(y, 3y).

• Case 2. y = 2x. As in the previous case, we take a = x, b = 2x, c = 3y to ob-
tain f(x, 2x) < f(2x, 3y), but this time f(2x, 3y) = f(y, 3y), so now f(x, 2x) <
f(2x, 3y) = f(y, 3y).

• Case 3. y < 2x. We have x < y < 2x < 3y. Taking a = x, b = y, c = 2x, we obtain
f(x, 2x) < f(x, y); and taking a = x, b = y, c = 3y, we obtain f(x, y) < f(y, 3y).
Combining the two inequalities gives f(x, 2x) < f(x, y) < f(y, 3y).

In all examined cases, we have f(x, 2x) < f(y, 3y), and so the intervals ∆(x) and ∆(y) do
not intersect. But each interval ∆(x) contains infinitely many rational numbers. Choose a
rational number from each interval and denote it by q(x). Since the intervals are pairwise
disjoint, all q(x) are different, which means q is an injection from R+ → Q. But, as is well
known, this is impossible. Consequently, a function with the sought properties does not
exist.

Proof b) Notice that it does not matter how we define f(x, y) for x ≥ y. Our goal is to
construct a function f such that: (a) f(a, x) is decreasing in x for every fixed a and all x > a;
and (b), the image Fa = {f(a, x) : x > a} is to the left of the image Fb = {f(b, x) : x > b}
for every a < b. The second condition is the hard one, and it requires us to do in Q what
we could not do in R earlier, namely to construct a set of non-overlapping intervals where
between every two intervals from the set there is a third one from the same set.

Part 1: Constructing the intervals. Consider all sequences p1, p2, . . . , pn−1 where
pi ∈ {0, 2}, and for each such sequence define l and r as follows:

l = (0.p1p2 · · · pn−11)3; r = (0.p1p2 · · · pn−12)3,

where the subscript 3 denotes ternary representation. In other words,

l =
n−1∑
i=1

pi
3i

+
1

3n
, r =

n−1∑
i=1

pi
3i

+
2

3n
.
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Let C be the set of all intervals (l, r) for l and r defined in the above fashion. We shall
show that between every two intervals in C there exists a third interval from C; therefore
the intervals in C must be disjoint.

Let us take two different intervals (l1, r1) and (l2, r2). Clearly r1 ̸= r2, else we would
have l1 = l2 and the intervals would be the same. Without loss of generality, assume
r1 < r2. Then their ternary representations must differ in some digit, where the digit of r2
is larger, and this digit cannot be the last one (as it is always 2). If r2 is written with n
symbols, then

r2 − r1 >
2

3n−1
− (

2

3n
+

2

3n+1
+ · · · ) = 1

3n−1
.

Let

r3 = r2 −
2

3n
+

2

3n+1
, l3 = r2 −

2

3n
+

1

3n+1
.

Clearly (l3, r3) is from C, as the ternary representations of l3 and r3 are identical up to
the last digit, which is 1 for l3 and 2 for r3. Therefore,

r2 > l2 = r2 −
1

3n
> r3 > l3 > r2 −

1

3n−1
> r1 > l1,

which shows that (l3, r3) sits between (l1, r1) and (l2, r2).
Furthermore, for every interval I in C, we could choose a sufficiently large n so that

the following two intervals (also in C) sit to the left and right of I:(
1

3n
,
2

3n

)
and

(
1− 2

3n
, 1− 1

3n

)
.

Now we define a map ∆ : Q+ → C. Let us list the positive rational numbers as a
sequence: q1, q2, . . . and define their corresponding intervals ∆(qi) sequentially. First, we
assign to q1 an arbitrary interval ∆(q1) from C. Thereafter, for every m > 1, we assign
∆(qm) ∈ C as follows:

• if qm is larger than all previously listed numbers, we choose an interval from C that
is to the right of all intervals ∆(qi) and assign it to qm.

• if qm is smaller than all previously listed numbers, we choose an interval from C that
is to the left of all intervals ∆(qi) and assign it to qm.

• if qm is neither the smallest nor the largest among the previously listed numbers, let
qi < qm < qj be the two numbers among them immediately adjacent to qm. In that
case, we pick an interval from C that lies between ∆(qi) and ∆(qj) and assign it to
qm.

Part 2: Construction of f . Now that our map ∆ is defined, we construct f as
follows. For every a ∈ Q+ we take our ∆(a) = (la, ra) and define f(a, x) as follows:

f(a, x) =

{
1983 if x ≤ a

la +
ra−la
x+1

if x > a

15



Thus the function f is well defined for all (a, x) ∈ Q+ × Q+ and its values lie in Q, since
la, ra, x are positive rational numbers. We shall show that it satisfies the condition.

Let a < b < c be any positive rational numbers. Since f(a, x) is a decreasing function
on x > a, we have f(a, c) < f(a, b), so the first inequality is satisfied.

Next, notice that for all x > a, la < f(a, x) < ra, so f(a, x) ∈ ∆(a), in particular
f(a, b) ∈ ∆(a). Likewise, f(b, c) ∈ ∆(b). But since a < b, from the construction of the map
∆, we know that ∆(a) sits entirely to the left of ∆(b). Therefore f(a, b) < f(b, c). The
second inequality is also satisfied, and our construction is complete. □
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2 Combinatorics

2.1

Let A,B be lattice points with positive coordinates such that OA = OB. Prove that the
circles with diameters OA and OB contain the same number of lattice points with positive
coordinates.

Solution: Let A = (m,n) and B = (a, b) and the two circles be k1 and k2 respectively.
The condition (x, y) ∈ k1 is equivalent to

x2 + y2 + (m− x)2 + (n− y)2 = m2 + n2

⇐⇒ (2x−m)2 + (2y − n)2 = m2 + n2.

Since
a2 + b2 = OB2 = OA2 = m2 + n2,

either (a) m ≡ a, n ≡ b (mod 2) or (b) m ≡ b, n ≡ a (mod 2). Indeed, if OA2 is odd,
then (a, b) and (m,n) are pairs of numbers of different parity, and if OA2 is even, then
a, b,m, n are of the same parity.

In the case (a) there is a bijection between the lattice points on the two circles:

f : {(x, y) | (x, y) ∈ k1} → {(x′, y′) | (x′, y′) ∈ k2},

given by

f(x, y) =

(
x+

a−m

2
, y +

b− n

2

)
.

Similarly, in case (b), we can define the bijection as follows:

f(x, y) =

(
y +

a− n

2
, x+

b−m

2

)
.

Thus we proved that k1 and k2 have the same number N of integer points.
Let us take the positive integer points (x, y), x, y > 0, of k1. We have

x2 + y2 = mx+ ny.

If x > m, then

0 < (x−m)x = y(n− y) ⇒ y < n (type 1).

If x < m, then
y(y − n) = x(m− x) > 0 ⇒ y > n (type 2).

If x = m, then
y = n (type 3).

Clearly there are no points on k1 with both negative coordinates, owing to x2 + y2 =
mx+ny. The number of points (u, v) ∈ k1 with positive u and negative v equals the number
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of positive points of type 2, since there is a bijection between the two sets given by (u, v) ↔
(x, n − v). Likewise, the points (u, v) ∈ k1 with positive v and negative u correspond to
the positive points of type 1, as demonstrated by the bijection (u, v) ↔ (m− x, y).

Including the points (u, v) ∈ k1 with uv = 0, namely (0, 0), (m, 0), (0, n), and the one
point of type 3, we have:

N = 2(#type 1) + 2(#type 2) + 3 + 1.

Hence the number of positive points is

(#type 1) + (#type 2) + 1 =
N − 4

2
+ 1 =

N

2
− 1.

The same holds for the second circle, which completes the proof.
Geometrically the correspondence between the circles is a translation in case (a) and a

reflection across the line x = y followed by a translation in case (b). □
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2.2

Given is a sequence a1, a2, . . . , an of distinct real numbers, such that there does not exist
a decreasing subsequence of length k + 1. Prove that the number of pairs {i, j} for which
i < j and ai > aj does not exceed

k − 1

2k
n2.

Solution: A pair (i, j) with i < j and ai > aj is called an inversion. For every
i = 1, 2, . . . , n, define r(i) as the maximal possible number r for which there exists a
sequence

i1 < i2 < . . . < ir−1 < i, ai1 > ai2 > . . . > air−1 > ai.

From the condition we have r(i) ≤ k. Let us take an arbitrary inversion (i, j) and let
r = r(j). We have

i1 < i2 < . . . < ir−1 < j, ai1 > ai2 > . . . > air−1 > aj,

which implies that r(i) < r(j). Let us divide the indices into k sets A(1), A(2), . . . , A(k),
where i ∈ A(r(i)). We have

|A(1)|+ |A(2)|+ . . .+ |A(k)| = n,

and for every two elements i and j from one and the same set A(r) the pair (i, j) is not an
inversion. Therefore the number of all pairs which are not inversions is at least(

|A(1)|
2

)
+

(
|A(2)|

2

)
+ · · ·+

(
|A(k)|

2

)
.

Hence the number of inversions does not exceed(
n

2

)
−
((

|A(1)|
2

)
+

(
|A(2)|

2

)
+ . . .+

(
|A(k)|

2

))
.

Finally, from the inequality of Cauchy, we obtain:(
n

2

)
−

k∑
r=1

(
|A(r)|

2

)
≤ n(n− 1)−

∑k
r=1 |A(r)|2 +

∑k
r=1 |A(r)|

2

≤
n2 − n2

k

2
=

k − 1

2k
n2.
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2.3

There is a 6 by 21 table (aij) with a total of 18 zeros, 18 ones, . . . , 18 sixes. For any
k, l ∈ {1, 2, . . . , 6} and p, q ∈ {1, 2, . . . 21} we have

ak,p − al,p ≡ ak,q − al,q( (mod 7)).

Prove that every row contains 3 zeros, 3 ones, . . . , 3 sixes.
Solution: Let us construct a new table (bij), where

bij = ωaij , ω = cos
2π

7
+ i sin

2π

7
.

Let the sum of the numbers in the k-th row be sk, k = 1, 2, . . . , 6. From the condition
we have

ak,p − a1,p ≡ ak,1 − a1,1 ≡ mk( (mod 7))

for some integer mk with 0 ≤ mk ≤ 6 and all p = 1, 2, . . . , 21, and hence

sk = s1ω
mk .

Let
q(x) = 1 + x+ . . .+ x6.

Since each of the numbers 0, 1, . . . , 6 appears 18 times in the entire table, summing over all
rows we get

s1(ω
0 + ω1 + . . .+ ω6) =

6∑
k=1

sk = 18q(ω) = 0.

Let
p(x) = xm1 + xm2 + . . .+ xm6

and

s(x) =
21∑
i=1

xa1i ,

so
s(ω) = s1.

Thus
s(ω)p(ω) = 0,

i.e. ω is a root of either s(x) or p(x).
Now we use the well-known fact that the polynomial q(x) is the 7th cyclotomic poly-

nomial and is irreducible over Q.
If we assume that p(ω) = 0 = q(ω), then from the irreducibility of q(x) it follows that

q(x) divides p(x). From deg p(x) ≤ 6 = deg q(x) it follows that p(x) = kq(x) for some
integer k. But then

7k = q(1)k = p(1) = 6,
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which is impossible. Consequently p(ω) ̸= 0 and so it must be the case that s(ω) = 0.
Since s(ω) = 0 and q(x) is the minimal polynomial of ω over Q, it follows that q(x)|s(x),

and since deg s ≤ 6 = deg q, we must have

s(x) = kq(x)

for some integer k. Evaluating at x = 1, we obtain

21 = s(1) = kq(1) = 7k,

i.e. k = 3 and therefore

s(x) = 3 + 3x+ 3x2 + 3x3 + 3x4 + 3x5 + 3x6.

This proves that in the first row of the table there are 3 zeros, 3 ones, . . . , 3 sixes. The
same holds for the remaining rows, which completes the proof. □

21



2.4

We are given n switches and n lamps. We know that each switch connects to exactly one
lamp, but not which switch connects to which lamp. At each move, we are allowed to flip
simultaneously any switches and observe which lamps change state. Find the minimum
number f(n) of moves that guarantees we can switch all lamps OFF regardless of their
original ON/OFF state.

Solution: The general idea is to show that after each move, there is always the pos-
sibility that at least half of the work remains undone, with slightly more ON lamps than
OFF lamps remaining until the end, when we will need one extra move to turn off the last
lamp.

Let tc = ⌈log2 n⌉. Suppose that at the start exactly ⌈n/2⌉ (half or slightly more when
n is odd) of the lamps are ON. We shall prove the following lemma:

Lemma. After any 0 ≤ t ≤ tc moves, regardless of how we play, it may still be possible
that there exist sets Lt of lamps and St of switches such that:

1. |St| ≥ |Lt| = nt ≥ ⌈n/2t⌉ ≥ 1;

2. on every move, either all switches in St were flipped together or none were flipped;
and

3. kt = ⌈nt/2⌉ ≥ 1 of the nt lamps in Lt are ON.

Proof: For t = 0, all requirements are true with S0 and L0 consisting of all switches and
all lamps respectively. By induction on t, consider 1 ≤ t ≤ tc. We have |Lt−1| = nt−1 ≥ 2.
Suppose after our t-th move we observe exactly m of the lamps in Lt−1 change state.
Consider two cases:

Case 1. m < kt−1, so less than half of the lamps in Lt−1 changed state. Let Lt ⊆ Lt−1

be the set of nt = nt−1 − m lamps that did not change state, and let St ⊆ St−1 be the
switches we did not flip. Each lamp in Lt must necessarily connect to a switch in St, so
|St| ≥ |Lt| = nt. Since nt ≥ nt−1/2 ≥ n/2t, requirement 1 is satisfied. Furthermore, none
of the switches in St were flipped at the t-th move, and since they are a subset of St−1,
Requirement 2 is satisfied as well.

Finally, to satisfy the third requirement, notice that since all switches in St−1 were
always flipped together or not flipped on every move, all lamps in Lt−1 have exhibited
exactly the same history on the first t− 1 moves, because their controlling switches all lie
in St−1 and were treated identically on every previous move. From the observations so far,
any matching of those lamps to distinct switches in St−1 remains consistent with what we
have seen. So Lt could consist of any nt lamps from Lt−1. As a result, we may get exactly
kt lamps from among the kt−1 in Lt−1 that were ON (and still are) and nt− kt from the set
of nt−1 − kt−1 lamps that were OFF (and still are). Since nt−1 ≥ nt, this is feasible since
kt ≤ ⌈nt−1/2⌉ = kt−1 and nt − kt = ⌊nt/2⌋ ≤ ⌊nt−1/2⌋ = nt−1 − kt−1.

Case 2. m ≥ kt−1, so at least half of the lamps in Lt−1 changed state. Let Lt be a set
of nt = kt−1 < nt−1 chosen from the lamps of Lt−1 that did change state. That kt−1 < nt−1

follows from t ≤ tc and nt−1 ≥ 2. Let St ⊆ St−1 be the switches we flipped. Since all

22



switches in St were flipped on the t-th move and since St ⊆ St−1, Requirement 2 holds.
Since nt = kt−1 = ⌈nt−1/2⌉ ≥ ⌈n/2t⌉, Requirement 1 holds too.

Again, to satisfy the third requirement, notice that under the same argument as before,
Lt could comprise any nt lamps from Lt−1. As a result we may get exactly kt from among
the nt−1−kt−1 lamps that were OFF (and are now ON) and nt−kt lamps from the kt−1 that
were ON and are now OFF. From the strict inequality nt−1 > kt−1 = nt, this is feasible since
kt = ⌈nt/2⌉ = ⌊(nt+1)/2⌋ ≤ ⌊nt−1/2⌋ = nt−1−kt−1 and nt−kt = ⌊nt/2⌋ ≤ ⌊nt−1/2⌋ ≤ kt−1.

That shows that in both cases we can continue the induction, and the lemma is proved.
Using t = tc we see that there will still exist a set Ltc containing at least one lamp that

is still ON, and so we need at least one more move to turn it off, hence f(n) ≥ 1 + tc.
To prove the reverse inequality, namely that 1 + tc moves always suffice, let’s number

the switches from 0 to n− 1 and consider their binary representation, which uses at most
tc digits. At every move t = 1, 2, . . . , tc, we flip the switches that have 1 in their t-th digit.
Each lamp will flip exactly in the pattern corresponding to the binary code of its switch,
so after tc moves we know which switch controls which lamp. We may need one last move
to switch off any lamps that remain ON. So finally, f(n) ≤ 1 + tc □
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2.5

Let there be several distinct words of p ones and q zeros (p > q). Prove that we can pick a
1 from each word and replace it with 0 so that the obtained words of p− 1 ones and q + 1
zeros are again distinct.

Solution: We apply induction on p+ q. If p+ q = 1, then p = 1, q = 0. There is only
one such word, 1, and replacing the one with zero results in a single word, so the statement
is correct. Let us now assume that p + q > 1 and that we have proved the statement for
all shorter words. Consider two cases:

Case 1. p > q + 1. Divide the given words into two groups: those beginning with 1
and those beginning with 0.

Consider the first group and remove the first symbol from each word. The resulting
shortened words contain p− 1 ones and q zeros. Because p > q + 1, we have p− 1 > q, so
the induction hypothesis applies to these shortened words: we can replace a one in each of
them so that they remain distinct. Restoring the initial symbol 1 to each shortened word
yields words that are still distinct.

The same argument applies to the second group. After removing the first symbol, the
shortened words contain p ones and q−1 zeros, and since p > q−1, the induction hypothesis
again applies. Restoring the initial symbol 0 yields distinct words within this group as well.

Finally, every word obtained from the first group begins with 1, while every word
obtained from the second group begins with 0. Hence the resulting words from the two
groups are distinct from each other.

Case 2. p = q + 1. In this case, the given words are a subset of the set A of all words
with q + 1 ones and q zeros. We shall prove the statement for the entire set A.

Let B be the set of all words with q ones and q + 1 zeros. Changing any of the q + 1
ones to zero for any given word in A results in a word from B, so each word x ∈ A maps
to a set Γ(x) ⊆ B of size q + 1. Vice versa, switching any of the q + 1 zeros in B to one
for any word y ∈ B results in a distinct word x ∈ A with y ∈ Γ(x). Therefore, each word
in B belongs to exactly q + 1 of the sets Γ(x). Let us take an arbitrary k-element subset
X = {x1, x2, . . . , xk} of A and consider the union

Γ(X) = Γ(x1) ∪ Γ(x2) ∪ . . . ∪ Γ(xk).

Let the number of pairs {x, y}, x ∈ X, y ∈ Γ(X) be u(X). On one hand,

u(X) = |X|(q + 1) = k(q + 1).

On the other hand, every element of Γ(X) participates in at most q+1 such pairs, whence
|Γ(X)|(q + 1) ≥ u(X) = k(q + 1), and therefore |Γ(X)| ≥ k.

By Hall’s theorem, the family {Γ(x) : x ∈ A} has a system of distinct representatives.
Thus there exists an injective map f : A → B such that f(x) ∈ Γ(x) for every x ∈ A. This
completes the proof. □
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2.6

For every integer x, a, b, we shall say that x ∈ ((a, b)) if x ̸= b and

(x− a)(x− b)(a− b) ≥ 0.

A “nice” partition of {1, 2, . . . , 2n} into pairs (a1, b1), (a2, b2), . . . , (an, bn) shall be one for
which

• (i) ∃p, 1 ≤ p ≤ 2n : p ∈ ((ai, bi)) for i = 1, 2, . . . , n;

• (ii) ∃q, 1 ≤ q ≤ 2n : q /∈ ((ai, bi)) for i = 1, 2, . . . , n.

Prove that the number of nice partitions is 2n× n!.
Solution: Let us arrange the numbers 1, 2, . . . , 2n on a circle clockwise. From here

onward, we consider the indices modulo 2n, i.e. by point 2n+1 we will mean point 1, point
2n+ 2 will be point 2, point 0 will be 2n etc.

We draw an arrow from ai to bi for each i and call it arrow i. We define the “right” side
of arrow i as the set {bi, bi + 1, . . . , ai − 1}, i.e. all the numbers that lie on the clockwise
arc from bi to ai, including bi but excluding ai. Analogously, we define “left” side for every
arrow as the complementary set {ai, ai + 1, . . . , bi − 1}.

We shall make use of the following lemma:
Lemma. x ∈ ((a, b)) is equivalent to x being to the left of the arrow from a to b.
Proof: Examine two cases: a < b and b < a.

• Case 1. 1 ≤ a < b ≤ 2n. The points to the left of the arrow from a to b are
a, a+ 1, . . . b− 1. For each of those points x, either x = a or x is strictly in between
a and b, so (x− a)(x− b) ≤ 0. With a− b < 0, that gives us x ∈ ((a, b)). Conversely,
if x ∈ ((a, b)), then x ̸= b and (x − a)(x − b) ≤ 0, so either x = a or x is between a
and b. But that is precisely the set of points to the left of the arrow.

• Case 2. 1 ≤ b < a ≤ 2n. The points to the left of the arrow from a to b are
a, a + 1, 2n, 1, 2, . . . , b − 1. For each of those points x, either x < b or x ≥ a. That
means that (x − a)(x − b) ≥ 0, and with a − b > 0, we get x ∈ ((a, b)). Conversely,
if x ∈ ((a, b)), then x ̸= b and (x − a)(x − b) ≥ 0, so either x = a or x > a > b or
x < b < a, and all those points are to the left of the arrow.

That completes the proof of the lemma. Notice that (i) and (ii) in the condition are
equivalent to f(p) = n and f(q) = 0.

For each point x on the circle, define f(x) as the number of arrows that have x to their
left.

Now let us consider any two neighboring numbers a = x, and b = x+ 1.
If there is an arrow connecting a and b, then for every other arrow they are simultane-

ously to the left or simultaneously to the right. Now, with respect to the arrow connecting
them, exactly one of a and b (the one where the arrow originates) is to the left of it, and
therefore

f(a)− f(b) = ±1.
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Likewise, if there is no arrow connecting a and b, then a and b are simultaneously to
the left or right of any arrow not incident with either a or b. Let us see that the same holds
for the arrow incident with a. If it originates from a, then both a and b are to its left; and
if it ends in a, then neither a nor b are to its left. In either case, that arrow contributes
equally to f(a) and f(b).

The only difference between f(a) and f(b) comes from the arrow incident with b. If it
originates in b, then a is to its right and b is to its left, so it contributes +1 to f(b) only.
And if it ends in b, then a is to its left and b to its right, so it contributes to +1 to f(a)
only. That means that

f(a)− f(b) = ±1,

where the sign is determined by whether the arrow incident with b originates or ends in b.
Let ∆(x) = f(x+1)−f(x) = ±1. From the above observations, we see that if the path

from one number a to another number b along the circle (in either direction) is of length
m, then |f(a)− f(b)| ≤ m since it is a sum of m deltas, each equal to ±1.

Thus from f(p) = n and f(q) = 0 it follows that the path from p to q cannot be shorter
than n, so they must be opposite points on the circle. Furthermore, since

n = f(p)− f(q) = ∆(q) + ∆(q + 1) + · · ·+∆(p− 1),

and all those n deltas are ±1, then they must necessarily be all +1. Therefore

f(q + i) = f(q) + ∆(q) + ∆(q + 1) + · · ·+∆(q + i− 1) = i

for i = 1, 2, . . . , n − 1. Similarly, we can see that f(p + i) = n − i for i = 1, 2, . . . , n − 1.
That means that for x ̸= p, x ̸= q we have 0 < f(x) < n. One consequence is that p is the
only point x for which f(x) = n and q is the only point x for which f(x) = 0.

Furthermore, since f(p) = n and f(q) = 0, it means that for each of the n arrows, p
must be to its left and q to its right. That means all arrows must originate in

P = {p+ 1, p+ 2, . . . , q}

and end in
Q = {q + 1, q + 2, . . . , p}.

Conversely, any choice of two opposite points p and q and any bijection from P to Q
produce a nice partition. To see why, observe that the arrows representing the bijection
originate in P and end in Q, so they have p on their left and q on their right, which means
p satisfies (i) and q satisfies (ii), implying the partition is nice.

There are 2n ways in which the ordered pair of opposite points (p, q) can be chosen and
n! ways in which arrows can be drawn from P to Q. Each combination produces a distinct
nice partition, so the number of nice partitions is 2n× n!. □
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2.7

A 2002 × 2002 square is divided into unit squares. A straight line may be drawn, and
every unit square whose interior it intersects is colored. Prove that at least 1173 lines are
required to color the whole square.

Solution: Let n = 2002. We index the unit squares with double coordinates, with
(1, 1) being in the bottom-left corner. We shall call “left chain” the sequence of squares

(i1, j1), (i2, j2), . . . , (i2n−1, j2n−1),

where (i1, j1) = (1, 1) and either (ik+1, jk+1) ≡ (ik + 1, jk) or (ik+1, jk+1) ≡ (ik, jk + 1)
for k = 1, 2, . . . , 2n − 2. Similarly, a “right chain” is defined as a sequence that starts
at (i1, j1) = (1, n) and either (ik+1, jk+1) ≡ (ik + 1, jk) or (ik+1, jk+1) ≡ (ik, jk − 1) for
k = 1, 2, . . . , 2n− 2.

Observe that the squares intersected by any line form a subset of either a left chain
or a right chain. Indeed, consider the segment in which the line intersects the big square.
Traverse this segment from its lower endpoint to its upper endpoint. As we move along
the segment, the y-coordinate never decreases. If the slope of the line is nonnegative, then
the x-coordinate also never decreases. Consequently, each new square intersected by the
segment lies either to the right of the previous one, above it, or diagonally above-right
(when the segment passes through a grid vertex). Thus the colored squares appear in a
monotone order and can be embedded in a left chain, although some squares of the chain
may be skipped if the segment passes through a vertex. If the slope of the line is negative,
then x never increases while y never decreases, and the same reasoning shows that the
colored squares form a subset of a right chain.

We shall prove that at least (2−
√
2)n chains are needed to cover the big square.

Let us assume the contrary, and suppose that there exist s chains, s < (2−
√
2)n that

cover the big square. We order the chains arbitrarily and take the first one. In each of its
squares, we write its ordinal number in the chain, i.e. in the square (im, jm) we write m.
Then we take the second chain and, again, write in each of its squares its ordinal number
in the chain, unless it already contains a number written by a previous chain. We proceed
the same way for all chains, so after s steps each square will have a number.

Let c(m) denote the number of times that the number m is written in the entire table.
We note that each square (i, j) contains either the number i+ j − 1, if it was written by a
left chain, or the number i+n− j, if it was written by a right chain, so for m to be written
in a square, the pair (i, j) must satisfy one of the equations i+ j− 1 = m or i+n− j = m.

For m ≤ n, there are 2m possible solutions to the above equations, and they are given
by the diagonals (1,m), (2,m−1), . . . , (m, 1), and (m,n), (m−1, n−1), . . . , (1, n−m+1),
so c(m) ≤ 2m ≤ 2(2n−m).

Similarly, for m > n, there are 2(2n − m) possible solutions given by the diagonals
(m−n, n), (m−n+1, n−1), . . . , (n,m−n), and (m−n+1, 1), (m−n+2, 2), . . . , (n, 2n−m),
so c(m) ≤ 2(2n−m) ≤ 2m.

Therefore, in all cases we have

c(m) ≤ 2m and c(m) ≤ 2(2n−m).
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On the other hand, c(m) ≤ s, since the number m can occur in a given chain at most
once. Combining with the earlier upper bound on c(m), we get

c(m) ≤ min(2m, 2(2n−m), s).

Since the maximum possible count of occurrences depends on whether s is even or odd,
consider the two cases separately.

Case 1, s = 2p. Then the numbers

1, 2, . . . , p, p+ 1, . . . , n, n+ 1, . . . , 2n− p, 2n− p+ 1, . . . , 2n− 1

occur respectively at most

2, 4, . . . , 2p, 2p, . . . , 2p, 2p, . . . , 2p, 2p− 2, . . . , 2

times. We have at most

2(1+2+· · ·+p)+(2n−1−2p)2p+2(1+2+· · ·+p) = 2p(p+1)+(2n−1)2p−p2 = 4np−2p2

numbered squares, hence n2 ≤ 4np− 2p2. That gives us

p ≥

(
1−

√
2

2

)
n,

whence s = 2p ≥ (2−
√
2)n > 1172.

Case 2, s = 2p− 1. Then the numbers

1, 2, . . . , p− 1, p, . . . , n, n+ 1, . . . , 2n− p, . . . , 2n− 1

occur respectively at most

2, 4, . . . , 2p− 2, s, . . . , s, 2p− 2, . . . , 2

times. We have at most

2(1+ 2+ · · ·+ p− 1)+ (2n− 1− 2(p− 1))s+2(1+ 2+ · · ·+ p− 1) = 2p(p− 1)+ (2n− s)s

numbered squares, hence

n2 ≤ (s− 1)(s+ 1)/2 + 2ns− s2,

which gives us s ≥ 2n−
√
2n2 − 1 > 1172. In either case, we have s ≥ 1173. □
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2.8

There are 2n cards arranged in a row. The numbers 1, 2, . . . , 2n are written on the two
sides of the cards, each number appearing exactly twice in total. Initially only one side of
each card is visible.

A move consists of flipping one card. The goal is to reach a configuration in which all
visible numbers are distinct.

(i) Prove that 3n− 2 moves always suffice.

(ii) Prove that 3n− 3 moves do not always suffice.

Solution: Without loss of generality, we can treat the numbers as simply any 2n
distinct numbers.

(i) We shall prove the statement by induction. For n = 1, either the two numbers
shown are equal, so we turn either card, or they are different and there is nothing to do.
So 3n− 2 = 1 moves suffice.

Now, assume that the statement holds for 1, 2, . . . , n − 1. If all shown numbers are
different, we are done. If they are not, assume without loss of generality that the number
appearing twice is 1. Let those two cards be called “starting” and the remaining 2n − 2
cards be called “remaining”. We flip both starting cards and let the uncovered numbers be
a and b.

Define N = {1, 2, . . . , 2n}.

• If a = b, then a, b ̸= 1, so the numbers 1 and a are used twice across the starting
cards and the other 2n − 2 numbers N \ {1, a} are used twice across the remaining
2n − 2 cards. That means the induction hypothesis applies to the remaining cards
and we need at most 3(n− 1)− 2 moves to display all numbers in N \ {1, a} in the
remaining cards. In the end, we flip back one of the starting cards to uncover the 1
on its back, and we are done with a total of 2 + 3(n− 1)− 2 + 1 = 3n− 2 moves.

• If a ̸= b, then each of the numbers a and b is used once more in the remaining cards.
We temporarily relabel those two occurrences of a and b in the remaining cards with
some arbitrary number x ̸∈ N . The 2n − 2 remaining cards now contain 2n − 2
distinct numbers N \ {1, x}, each used twice, so the induction hypothesis applies and
we need at most 3(n− 1)− 2 moves to display all those numbers exactly once. The x
that now appears was originally either a or b, so depending on which one it was, we
flip back one of the starting cards to uncover the 1 on its back. Again, we are done
with a total of 2 + 3(n− 1)− 2 + 1 = 3n− 2 moves.

(ii) Consider a starting configuration where the numbers 1, 2, . . . , n appear twice on the
front and the numbers n+ 1, n+ 2, . . . , 2n are written twice on the back of the cards. No
matter what strategy we choose, sooner or later there must be a move that uncovers the
number 2n. At any move, we shall call a card “primary” if it has not been flipped yet and
“secondary” if it has been flipped already.

Notice that (a) swapping two moves does not change the resulting configuration; and
(b) flipping a secondary card carries no new information, since we know what is on its
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back. Combining (a) and (b), we can assume that any move flipping a secondary card is
postponed until after there are no more primary cards.

We know that the number 2n is written twice on the back of two cards, but we do not
know which ones those are. In the worst case, the two cards containing 2n may be the last
two primary cards flipped. Thus it may take 2n− 1 moves before the first 2n is revealed.
Let i, 1 ≤ i ≤ n be the number on the front of the last remaining primary card..

Each of the 2n− 2 cards originally displaying

1, 1, 2, 2, . . . , i− 1, i− 1, i+ 1, i+ 1, . . . , n, n

is now flipped, so from each pair of cards with j written on their back, 1 ≤ j ≤ n, j ̸= i, at
least one must be flipped again. That means we need at least a total of (2n−1)+(n−1) =
3n− 2 moves, which completes the proof of (ii). □
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3 Number Theory

3.1

Let p be prime. There are p numbers written in a circle. At each move, simultaneously
each number is replaced by the number plus its right neighbor minus twice its left neighbor.
Prove that after p− 1 moves all numbers will give equal remainders upon division by p.

Solution: We shall consider the numbers modulo p. Define two operators d(x) and
f(x) on any vector x = (x1, x2, . . . , xp) as follows:

d(x) = (x1 − x2, x2 − x3, . . . , xp − x1),

f(x) = (x1 + x2 − 2xp, x2 + x3 − 2x1, . . . , xp + x1 − 2xp−1).

The operator f corresponds exactly to the move applied to the vector of the p numbers.
Define 0⃗ = (0, 0, . . . , 0) and call a vector uniform if all its entries are the same. We shall

list the following properties of d and f :

• For any uniform vector x, f(x) = 0⃗ and d(x) = 0⃗. (*)

• If d(x) = 0⃗, then x1 − x2 = x2 − x3 = · · · = 0, so all xi are the same and hence x is
uniform. (**)

• Direct computation shows that

d(f(x)) = (3x1 − 2xp − x3, 3x2 − 2x1 − x4, . . . , 3xp − 2xp−1 − x2),

which coincides with f(d(x)). Hence d and f commute. (***)

Next, we show by induction that

dk(x) =

(
k∑

i=0

(
k

i

)
(−1)ix1+i,

k∑
i=0

(
k

i

)
(−1)ix2+i, . . . ,

k∑
i=0

(
k

i

)
(−1)ixp+i

)
,

where the indices are taken cyclically modulo p (i.e. xp+1 = x1, and so on). The statement
is obvious for k = 1. If we assume that it holds for k, then

dk+1(x) = d

(
k∑

i=0

(
k

i

)
(−1)ix1+i,

k∑
i=0

(
k

i

)
(−1)ix2+i, . . . ,

k∑
i=0

(
k

i

)
(−1)ixp+i

)
.

The r-th term of dk+1(x) is then

k∑
i=0

(
k

i

)
(−1)ixr+i −

k∑
i=0

(
k

i

)
(−1)ixr+i+1

=

(
k

0

)
(−1)0xr+0 +

k∑
i=1

((
k

i

)
(−1)i −

(
k

i− 1

)
(−1)i−1

)
xr+i −

(
k

k

)
(−1)kxr+k+1
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=

(
k

0

)
xr +

k∑
i=1

((
k

i

)
+

(
k

i− 1

))
(−1)ixr+i +

(
k + 1

k + 1

)
(−1)k+1xr+k+1

=
k+1∑
i=0

(
k + 1

i

)
(−1)ixr+i,

and the induction step is complete. Applying the formula with k = p and working modulo
p, since p |

(
p
i

)
for 0 < i < p, we have

dp(x) = (x1 − x1, x2 − x2, . . . , xp − xp) = 0⃗.

From (**) we have that dp−1(x) is uniform, so using (*) we have f(dp−1(x)) = 0⃗. Using
(***), that gives us dp−1(f(x)) = 0⃗.

Again, from (**) we have that dp−2(f(x)) is uniform, so using (*) we have f(dp−2(f(x))) =
0⃗. Using (***), that gives us dp−2(f 2(x)) = 0⃗.

Continuing this argument inductively, we obtain that dp−1−i(f i(x)) is uniform for i =
0, 1, . . . , p− 1. Using i = p− 1 and setting x to the vector of the numbers on the circle, we
get that fp−1(x) is uniform, which completes the proof. □
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3.2

Let d be the smallest positive integer for which n | 2d + 1. If n > 6d, prove that there are
more than 6d positive integers m, m ≤ n, such that for some x, y, z ∈ N,

n | (2x + 2y + 2z +m).

Solution: From n | 2d+1 it follows that n is odd and greater than 6. We shall consider
the numbers as residues modulo n.

Let X, Y, Z be the sets of all nonzero residues modulo n representable as 2x, 2x + 2y,
and 2x + 2y + 2z respectively. Notice that X ⊆ Y , since 2x ≡ 2x+2d−1 + 2x+2d−1 ∈ Y
and that Y ⊆ Z, since 2x + 2y ≡ 2x+2d−1 + 2x+2d−1 + 2y ∈ Z. In view of the fact that
2d +2d +21 + n ≡ 0, we see that n is an admissible m, and since n ≡ 0 ̸∈ Z, the remaining
admissible values of m correspond to the nonzero residues in Z. Thus it suffices to prove
that |Z| ≥ 6d.

Since 22d ≡ (−1)2 = 1, there exists a minimal j such that 2j ≡ 1 and j | 2d. Notice
that j ̸= d, otherwise 1 ≡ −1, which is impossible for n > 6. At the same time, it cannot
be that j < d, otherwise 2d−j ≡ −1 would contradict the minimality of d. Therefore j > d.

Since j > d and j | 2d, we must have j = 2d. Thus X = {2i}, i = 1, 2, . . . 2d, so
|X| = 2d.

Consider first the case where X = Y . In that case, for every a ∈ X, from 22d ≡ 1 we
have a + 1 ≡ a + 22d ∈ Y = X, hence recursively we get a, a + 1, a + 2, . . . , n − 1 ∈ X.
From n − 1 + 21 ∈ Y = X we get that n + 1 ≡ 1 ∈ X, and again recursively we get that
2, 3, . . . a − 1 ∈ X. So X contains all n − 1 nonzero residues. Therefore |X| = n − 1, and
so |Z| ≥ |X| = 6d and the condition is proved.

So from now on, we assume that X ⊂ Y . We choose an arbitrary a ∈ Y . Since n is
odd and a ̸≡ 0, we have 2a ̸≡ 0 and so 2a ∈ Y . Consider a bijection f : Y → Y defined by
f(a) = 2a. It is an injection, since 2a ≡ 2b ⇒ a = b, and hence it is a bijection, since it is
an injection of one set into itself. For any a ∈ Y , consider its orbit in f of length k, so k is
the minimal number such that fk(a) = a. We have a2k ≡ a ⇒ 2k ≡ 1, since a ̸≡ 0. By the
minimality of 2d we get 2d | k, and from k ≤ 2d we get k = 2d. That means all orbits are
of length 2d, hence 2d | |Y |.

Similarly to the earlier case X = Y , if Y = Z we end up with |Y | = n−1 and |Z| ≥ 6d,
so we can consider Y ⊂ Z. Like before, we conclude 2d | |Z|.

Therefore we have that
|X|
2d

<
|Y |
2d

<
|Z|
2d

,

are three distinct integers. So
|Z|
2d

≥ 3 and |Z| ≥ 6d, which completes the proof. □
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3.3

Let p be prime and a ̸= b be positive integers less than p. Prove that the equation

am+ bn = p

has a solution in positive integers m,n if and only if the sets

A =

{⌊
ip

a

⌋
: i = 1, 2, . . . , a− 1

}
, B =

{⌊
ip

b

⌋
: i = 1, 2, . . . , b− 1

}
have no common element.

Solution: We shall prove each direction in turn.
Forward direction. We have am+ bn = p and want to show that A∩B = ∅. Suppose

the contrary, and let k be an element of A ∩B, so

k =

⌊
ip

a

⌋
=

⌊
jp

b

⌋
(∗)

for some 1 ≤ i ≤ a− 1 and 1 ≤ j ≤ b− 1. That gives us

ip

a
> k >

ip

a
− 1 and

jp

b
> k >

jp

b
− 1,

where the strictness of the inequalities comes from the fact that the elements inside the
floor brackets in (*) are non-integer. Multiply the first inequality by am and the second
by bn, then add them to obtain

ipm+ jpn > kam+ kbn > ipm− am+ jpn− bn.

Using am+ bn = p and dividing by p, we get

im+ jn > k > im+ jn− 1,

which is impossible. So k ∈ A ∩B cannot exist and we are done.
Backward direction. We have A ∩ B = ∅ and want to prove that am + bn = p for

some positive integers m,n. If d = gcd(a, b) > 1, we have a = a1d and b = b1d for some
a1 < a and b1 < b, hence ⌊a1p

a

⌋
=
⌊p
d

⌋
=

⌊
b1p

b

⌋
,

and so
⌊p
d

⌋
∈ A ∩ B, contradicting A ∩ B ̸= ∅. Therefore, d = 1, so there exists m′ ∈

{1, 2, . . . , b− 1} such that am′ ≡ 1 (mod b). Writing am′ − 1 = n′b yields

m′a− n′b = 1

with n′ ∈ {1, 2, . . . , a− 1}. Next,

m′p

b
− n′p

a
=

p

ab
> 0 ⇒

⌊
m′p

b

⌋
≥
⌊
n′p

a

⌋
,
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where equality is not possible, otherwise A and B would have a common element, contra-
dicting A ∩B ̸= ∅. Thus ⌊

m′p

b

⌋
=

⌊
n′p

a

⌋
+ k

for some integer k ≥ 1. Therefore,

p

ab
=

m′p

b
− n′p

a
=

⌊
m′p

b

⌋
−
⌊
n′p

a

⌋
+

{
m′p

b

}
−
{
n′p

a

}
= k +

{
m′p

b

}
−
{
n′p

a

}
.

Multiplying both sides by ab and rearranging, we get

p =

{
m′p

b

}
ab+

(
k −

{
n′p

a

})
ab = am+ bn,

where

m = b

{
m′p

b

}
= m′p− b

⌊
m′p

b

⌋
and

n = a

(
k −

{
n′p

a

})
= ak − n′p+ a

⌊
n′p

a

⌋
are positive integers, so the statement is proved. □
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3.4

For which positive integers n can the divisors of 2001n be partitioned into triples such that
the product of the numbers in each triple is the same?

Solution: Observe that 2001 = pqr for the primes p = 3, q = 23, r = 29. Since the
total number of divisors of (pqr)n is (n + 1)3, the number of triples is (n + 1)3/3 and so
3 | (n + 1). Let the product of the numbers in each triple be a. If we multiply all these
triples, we obtain

a(n+1)3/3 = (pqr)(n+1)2(0+1+···+n) = (pqr)(n+1)3n/2,

hence a = 20013n/2, so n is even. Combining with 3 | n + 1, a necessary condition for n
becomes n ≡ 2 (mod 6). We shall prove that this condition is also sufficient.

Let n = 6m+ 2 for some integer m ≥ 0, and let A denote the set of 2m+ 1 vectors αk

defined as
αk = (k,m+ k, 2m− 2k) , k = 0, 1, . . . ,m

and
αk = (k, k −m− 1, 4m+ 1− 2k) , k = m+ 1, . . . , 2m.

For each α, observe that the sum of its coordinates is 3m. Furthermore, observe that
each coordinate assumes every value 0, 1, . . . , 2m exactly once as k iterates from 0 to 2m.
Indeed, the first coordinate takes the values 0, 1, . . . ,m,m+1, . . . , 2m; the second coordinate
takes the values m,m+1, . . . , 2m, 0, 1, . . . ,m−1; and the third coordinate takes the values
2m, 2m− 2, . . . , 0, 2m− 1, 2m− 3, . . . , 1.

Define the transformation f by

f(x, y, z) = (3x, 3y + 1, 3z + 2)

and the set F as:
F =

⋃
α∈A

f(α).

Notice that F has the following properties:

• (i) all coordinates of its vectors are in the interval [0, n], since x, y, z ∈ [0, 2m];

• (ii) every integer in {0, 1, . . . , n} appears as one of the coordinates in exactly one
vector from F , since 3x iterates over all numbers congruent to 0 (mod 3), 3y + 1
over all numbers congruent to 1 (mod 3), and 3z + 2 over all numbers congruent to
2 (mod 3);

• (iii) the sum of coordinates of each vector in F is exactly 3(x+ y + z) + 3 = 9m+ 3.

Similarly, define

f ′(x, y, z) = (3x+ 2, 3y, 3z + 1), f ′′(x, y, z) = (3x+ 1, 3y + 2, 3z)
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and
F ′ =

⋃
α∈A

f ′(α), F ′′ =
⋃
α∈A

f ′′(α).

Analogously, properties (i), (ii), and (iii) apply to F ′ and F ′′. Furthermore, the sets
F, F ′, F ′′ are disjoint, since the first coordinates have different residues modulo 3. Let
U = F ∪F ′ ∪F ′′. Note that by property (ii), every integer in {0, 1, . . . , n} appears exactly
once as a coordinate of a vector in F , and exactly three times among the vectors in U , once
in each coordinate position.

We construct the partitioning of the triples as follows: for every element

(x1, y1, z1) ∈ F, (x2, y2, z2), (x3, y3, z3) ∈ U,

define the triple
(px1qx2rx3 , py1qy2ry3 , pz1qz2rz3) .

For every given triple, from (i), each number is a divisor of pnqnrn = 2001n, and from (iii),
the product of these numbers is the constant

px1+y1+z1qx2+y2+z2rx3+y3+z3 = (pqr)9m+3.

Furthermore, the numbers in each triple are different, since x1, y1, z1 are congruent to 0, 1, 2
(mod 3), the exponent vectors differ in at least one coordinate.

What remains is to show that this set of triples constitutes an actual partition of the
divisors of 2001n. Consider any one of these divisors pu1qu2ru3 . We need to show that it
appears in exactly one of the triples.

From (ii), we know that u1 appears exactly once as a coordinate of exactly one vector of
F . Let that vector be µ1 = (x1, y1, z1), and let l ∈ {1, 2, 3} denote the coordinate position
of u1 in it.

Again from (ii), among the vectors in U , there are exactly 3 vectors that contain u2 as
a coordinate, each in a different position. Let the one that has u2 in position l be µ2 =
(x2, y2, z2). Similarly, µ3 = (x3, y3, z3) is determined. Notice that the triple corresponding
to µ1 ∈ F, µ2, µ3 ∈ U contains pu1qu2ru3 in position l. That completes the proof.

Finally, all desired n are given by n = 2 + 6m, m = 0, 1, . . .. □
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3.5

Let p > 2 be prime, and let x denote the least non-negative residue of x modulo p. For
0 ≤ a < p define

fa(m) = m+ma.

Determine the number of integers a with 0 ≤ a < p such that

fa(m) > a for all m = 1, 2, . . . , p− 1.

Solution: We divide the proof into three parts. The first proposes a set of numbers
that work; the second shows that those are the only numbers that work; and the third part

counts them. Define ak =
⌊p
k

⌋
for all k ≥ 1 and let

A = {ak | k = 2, 3, . . . , p} .

We call a number a ∈ [0, p− 1] good if fa(m) > a for all m ∈ [1, p− 1]. Our goal is to count
the good numbers.

Lemma 1. We shall prove that every a ∈ A ∪ {0, p− 1} is a good number.
Proof: If a = 0, then fa(m) = m > 0 = a; and if a = p− 1, then fa(m) = m +ma =

m + −m = m + p − m = p > p − 1 = a. So 0 and p − 1 are good numbers. Next, let
a ∈ A. We shall prove by contradiction that there cannot exist m0 ∈ [1, p − 1] such that
a ≥ fa(m0). Assume the contrary, and let m0 be the number minimizing fa(m), i.e.

a ≥ fa(m0) = min
1≤m≤p−1

fa(m).

From fa(1) = 1 + a > a, we see that m0 ̸= 1, so a ≥ fa(m0) ≥ m0 > 1, thus a > 1. Let
v = m0a > 0 and m0a = lp+ v for some l ≥ 0. From m0 > 1 and the minimality of m0, we
have

m0 + v = fa(m0) ≤ fa(m0 − 1) = (m0 − 1) + (m0 − 1)a,

so v < (m0 − 1)a. It must be that v < a, otherwise (m0 − 1)a = v − a = v − a ≤ 0, which
would contradict v < (m0 − 1)a. Hence 0 ≤ v < a, and thus

lp

a
< m0 <

lp

a
+ 1 ⇒ m0 =

⌈
lp

a

⌉
.

Since a ∈ A, there exist integers k, k′ : 0 < k′ < k for which a = ak and p = ak + k′, so

m0 =

⌈
lp

a

⌉
=

⌈
l(ak + k′)

a

⌉
= lk +

⌈
lk′

a

⌉
.

From a ≥ fa(m0) > m0 ≥ lk > lk′ we get⌈
lk′

a

⌉
= 1 ⇒ m0 = lk + 1.
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Using again a > lk′ and ak = p− k′, we have

fa(m0) = fa(lk + 1) = lk + 1 + lka+ a = lk + 1 + a− lk′.

But as 0 ≤ a− lk′ < a < p, we have a− lk′ = a− lk′, so

fa(m0) = lk + 1 + (a− lk′) = (a+ 1) + l(k − k′) ≥ a+ 1 > a,

which contradicts the choice of m0, and Lemma 1 is proved.
Lemma 2. We shall prove that if a /∈ A and 0 < a < p− 1, then fa(m) ≤ a for some

m.
Proof: Since a /∈ A and ap = 1 < a < p = a1, there must exist k ∈ [1, p− 1] such that

ak+1 < a < ak.

For p > 2 we have ap−1 = ap = 1, so k ̸= p− 1 and hence k ∈ [1, p− 2]. From the upper
bound, we get

a+ 1 ≤ ak ≤
p

k
,

where at least one of the two inequalities is strict, except when k = 1 and a = p− 1, which
contradicts a < p− 1. From the lower bound, we have

a ≥ ak+1 >
p

k + 1
.

From p < ak + a < p+ a < 2p we have ak + a = (ak + a)− p, so

ak + k < p < ak + a ⇒ fa(k + 1) = k + 1 + ak + a = k + 1 + ak + a− p < a+ 1,

thus fa(k + 1) ≤ a and Lemma 2 is proved.
Lemmas 1 and 2 tell us that all the good numbers are 0, p − 1 and the elements of A.

All it remains then is to count |A| and add 2. Intuitively, for small k, the numbers ak
are widely spaced, so they are all different; and for large k, ak are thinly spaced, so they
assume every integer value from some point onward.

Let k0 be the largest k ∈ [2, p− 1] for which
p

k − 1
− p

k
> 1. Such a number necessarily

exists, since k = 2 satisfies the inequality for p > 2. If the gap between two rational
numbers is > 1, their floors differ by at least 1. Applying this observation to our case
yields ak < ak−1 for 2 ≤ k ≤ k0, hence a2, a3, . . . , ak0 are k0 − 1 distinct elements of A. On
the other hand, when the gap between two rational numbers is ≤ 1, their floors differ by
at most 1. Applying this to our case, for k > k0 we have ak−1 − ak ≤ 1, so all positive
numbers less than ak0 also belong to A. Therefore

|A| = k0 − 1 + ak0 − 1 = k0 +

⌊
p

k0

⌋
− 2.

We just need to find the k0 and compute the above expression. So k0 must satisfy the
inequalities:

p

k − 1
− p

k
> 1 ≥ p

k
− p

k + 1
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⇒ k(k + 1) > p > k(k − 1).

Notice that s =
√
p is irrational. Consider two cases:

Case 1. p > k2, so k(k + 1) > p > k2. We have

(2k + 1)2 > 4(k + 1)k > 4p > 4k2 ⇒ s ∈ (k, k + 1/2),

so k = ⌊s⌋. From k+1 > p/k > k we obtain ak = k, and hence |A| = ak+k−2 = 2k−2 =
2⌊s⌋ − 2 = ⌊2s⌋ − 2.

Case 2. p < k2, so k2 > p ≥ k(k − 1) + 1. We have

4k2 > 4p ≥ 4k(k − 1) + 4 > (2k − 1)2 ⇒ s ∈ (k − 1/2, k),

so k = ⌊s⌋ + 1. From k > p/k > k − 1 we obtain ak = k − 1, and so |A| = ak + k − 2 =
2k − 3 = 2⌊s⌋ − 2 = ⌊2s⌋ − 2.

The case p = k2 need not be examined, since s is irrational. Therefore |A| = ⌊2√p⌋−2,
and adding back the 2 good numbers 0 and p− 1, the final count becomes ⌊2√p⌋. □
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3.6

Let p be a prime and consider a regular 2p-gon. Let A and B be opposite vertices. Among
the remaining vertices, k < p are marked. Draw all segments joining pairs of marked
vertices that intersect AB, and assume that at least one such segment exists. Prove that
at least k− 1 of these segments can be chosen so that no two are parallel or perpendicular.

Solution: Number the p vertices from A to B along one side with 0, 1, . . . , p − 1 and
call this set L. Likewise, number the p vertices from B to A on the other side and call
this set R. Every segment crosses AB, so it must have one endpoint numbered a ∈ L and
the other b ∈ R due to the convexity of the polygon. Since vertex k corresponds to angle
kπ/p, the direction of chord ab depends only on the midpoint angle (a + b)π/(2p). Hence
two chords are parallel iff these midpoint angles are equal, and perpendicular iff they differ
by π/2. Therefore,

a1b1 ∥ a2b2 ⇔ a1 + b1 = a2 + b2,

a1b1 ⊥ a2b2 ⇔ a1 + b1 = a2 + b2 ± p.

In either case, the statement that a1b1 is either parallel or perpendicular to a2b2 is
equivalent to a1+b1 ≡ a2+b2 (mod p). So all we need to do is prove the following Lemma:

Lemma. Let A,B be sets of residues modulo p and |A|+ |B| < p. Define their “sum”
by

A+B = {a+ b | a ∈ A, b ∈ B}.

Then
|A+B| ≥ |A|+ |B| − 1.

Proof: Let |A| = m, |B| = n, and assume without loss of generality that m ≤ n.
Define “translation” t on the set C as follows:

t+ C = {t+ c | c ∈ C}.

Observe that (t + A) + B = t + (A + B), hence |(t + A) + B| = |A + B|. If m = 1, then
|A + B| = |B| = |A| + |B| − 1 and we are done, so hereafter assume m > 1 and let a1, a2
be two elements of A. Furthermore, m ≤ n < p, hence ∃c : c /∈ B. Now, as the sequence

c+ t(a2 − a1), t = 1, 2, . . . , p− 1

runs through all residues modulo p except c, there exists a minimal t such that for b =
c+ t(a2 − a1) ∈ B. Then

A′ = (b− a2) + A

contains the element b + (a1 − a2) ∈ B and b + (a2 − a2) = b /∈ B. Since A′ is just a
translation of A, we only need to prove the lemma for A′ and B. Let

F = A′ ∩B, G = A′ ∪B.

We have
∅ ≠ F ⊂ A′, B ⊂ G,
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hence
0 < |F | < m,n < |G|.

Observe that |F |+ |G| = |A|+ |B|, since every element f ∈ F is counted exactly twice
on each side, and every element x ∈ (A′ ∪ B)\F is counted exactly once on each side. We
shall show that

F +G ⊆ A+B.

Indeed, if f ∈ F , g ∈ G, then depending on whether g ∈ A′ or g ∈ B we have (f, g) ∈ A′×B
or (f, g) ∈ B × A′. In either case, f + g ∈ A′ +B. Thus

|A′ +B| ≥ |F +G|,

so it suffices to prove the lemma for F and G instead of A′ and B. Thus we replace the
pair A,B (with |A| ≤ |B|) in the original statement by the pair F,G, for which |F | < |A|
and |G| > |B|. Repeating this reduction decreases the size of the smaller set each time,
so eventually that set has size 1, which was already handled. Thus the lemma is proved.
Applying the lemma to the original problem, each segment corresponds to the residue a+ b
(mod p). Since parallel or perpendicular segments correspond to the same residue, selecting
segments with distinct residues yields a family of at least k − 1 segments no two of which
are parallel or perpendicular. □
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4 Geometry

4.1

Let ABCD be an isosceles trapezoid with AB ∥ CD. A point T is taken on AB such that
DP ·DT = CQ ·CT , where P = AC∩TD and Q = BD∩TC. Prove that the circumcenter
of △TPQ is equidistant from A and B.

Solution: Let ∠DCA = α, ∠DCT = y, ∠CDT = x. Then we have:

CD sinα

sin(x+ α)
· CD sin y

sin(x+ y)
= DP ·DT

= CQ · CT =
CD sinα

sin(y + α)
· CD sinx

sin(x+ y)

⇒ sin y

sin(x+ α)
=

sinx

sin(y + α)

Therefore

sin y(sin y cosα + sinα cos y) = sinx(sinx cosα + sinα cosx)

⇒ cosα(sin2 y − sin2 x) = sinα(sinx cosx− sin y cos y)

⇒ cosα sin(x+ y) sin(y − x) = sinα cos(x+ y) sin(y − x)

⇒ sin(x+ y + α) sin(x− y) = 0

⇒ x = y or x+ y + α = 180◦

In the first case, △DTC is isosceles and symmetric with respect to the perpendicular
bisector of AB and of DC (hereafter called just symmetric for simplicity). So T is the
midpoint of AB, and P and Q are symmetric, thus the circumcenter of △TPQ is on the
line of symmetry, and we are done.

In the second case, ∠DTC = 180◦ − x − y = α. Let T ′ be the point symmetric to T ,
P ′ = AC ∩ T ′D, and Q′ = BD ∩ T ′C. Notice that P ′ and Q′ are symmetric to Q and
P respectively, so PQ′ ∥ DC and therefore ∠PQ′Q = α = ∠PTQ. That means PQ is
seen at the same angle from Q′ and T and so TPQQ′ are concyclic. Hence point T (and
therefore also T ′) lies on the circumcircle about the isosceles trapezoid PQQ′P ′. Again due
to symmetry, the circumcenter of △TPQ is on the line of symmetry and so equidistant
from A and B. □

A BT

P

QP ′

Q′

T ′

CD
αyx
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4.2

From the center of the circle k a perpendicular is dropped to the line l, intersecting k at
the point D. Let P,Q be arbitrary points of l, and

P ′ = (PD) ∩ k, Q′ = (QD) ∩ k, P,Q ̸= D.

Prove that the center of the circumcircle of △P ′Q′P lies on k exactly when

PQ = P ′Q′.

Solution: Obviously l is external to k. An inversion with center D which maps k onto
l (and vice versa) sends P into P ′ and Q into Q′, hence P, P ′, Q,Q′ lie on a circle.

Let the positive direction of rotation about D be counterclockwise. If

H = (OD) ∩ l,

we define
OH = h, ∠PDH = x, ∠QDH = y, k(O,R).

We have
x, y ∈ (−90◦, 90◦).

If x = −y, then PQP ′Q′ is an isosceles trapezoid and the condition that the center of
its circumcircle lies on k is equivalent to

PQP ′Q′ is a rectangle ⇔ PQ = P ′Q′.

Now let x + y ̸= 0◦. Then if the center of the circumcircle of PQP ′Q′ lies on k, we
have that the perpendicular bisectors of PQ and P ′Q′ intersect on k. Let that point be
T . From the first bisector, T ’s projection M onto l must be the midpoint of PQ, hence
HM = h(tanx+ tan y)/2 (the distance being signed and depending on the signs of x and
y). From the second bisector, it follows that T is the midpoint of either the major or minor
arc of P ′Q′, so it forms with OD angles x + y or 180◦ + x + y around O. Therefore, its
distance from OH is ±R sin(x+ y), depending on which arc midpoint T is. Therefore

1

2
h(tanx+ tan y) = ±R sin(x+ y) ⇔

h

cosx cos y
= ±2R ⇔

1

2
h(tanx− tan y) = ±R sin(x− y) ⇔

P ′Q′ = ±PQ,

where exactly one of the + or − must be true.
The converse direction does not need consideration of cases, since sin(x − y) ̸= 0 and

therefore the argument flows backward.
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4.3

The excircles constructed on the sides AB, BC, CA of △ABC touch the lines CA, CB,
AB, AC, BC, BA respectively at the points C1, C2, A1, A2, B1, B2. Let

PC = B1B2 ∩ A1A2, PA = B1B2 ∩ C1C2, PB = A1A2 ∩ C1C2.

Prove that PCC, PAA, PBB pass through the center of the circumcircle of △PAPBPC .
Solution: Let the radius of the circumcircle of △ABC be R = 1/2, and the angles of

the triangle be 2α, 2β, 2γ. Let A1A2 intersect the altitude through C at point P ′, and let
the foot of this altitude be CH . We have

P ′CH = CHA1 cotα = (AA1 − ACH) cotα

= (2 cosα cos β cos γ − sin 2β cos 2α) cotα

= 2 cos β(cosα sin(α + β)− sin β cos 2α) cotα

= 2 cos β(sinα cosα cos β + sin β sin2 α) cotα

= 2 cos β sinα cosα cos(α− β) cotα

= 2 cos β cosα cos(α− β)

which is a symmetric expression in α and β. Then B1B2 intersects the altitude CCH in the
same point P ′, i.e. P ≡ PC . Therefore, PCC ⊥ AB and H ∈ PCC. Analogously H ∈ PBB
and H ∈ PAA.

We shall show that H is the circumcenter of △PAPBPC . We have

PCH = 2 cosα cos β cos(α− β)− cos(2α) cos(2β)

= (cos(α− β) + cos(α + β)) cos(α− β)− cos(2α− 2β) + cos(2α + 2β)

2

= cos2(α− β) + cos(α− β) cos(α + β)− 2 cos2(α− β)− 1

2
+

cos(2γ)

2

=
1 + cos(2α) + cos(2β) + cos(2γ)

2
,

which is a symmetric expression in α, β, γ, so we conclude that PCH = PAH = PBH and
the statement is proved. □
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4.4

Let P be a point inside the acute triangle ABC. X is such a point that the quadrilateral
PBXC is inscribed in a circle and is with perpendicular diagonals. Similarly the points
Y, Z are defined with respect to CA and AB. Prove that if PB ⊥ XZ and PA ⊥ Y Z,
then P is the center of the circumcircle of △ABC.

Solution: Let

M = PX ∩BC, N = PY ∩ AC, L = PZ ∩ AB.

Let the lengths of the sides of the triangle be 2a, 2b, 2c, and let x, y, z be the directed
distances (clockwise) from the midpoints on BC,CA,AB to M,N,L respectively.

From ABC acute and P interior it follows that

−1 <
x

a
,
y

b
,
z

c
< 1,

so
a± x > 0, b± y > 0, c± z > 0. (a)

From PB ⊥ XZ and Pythagorean theorem to △PBZ and △PBX it follows that

BZ2 −BX2 = PZ2 − PX2

⇒ BL2 + LZ2 −BM2 −MX2 = (PL+ LZ)2 − (PM +MX)2

= PL2 + LZ2 + 2PL · LZ
− PM2 −MX2 − 2PM ·MX

⇒ BL2 −BM2 = (PB2 −BL2) + 2PL · LZ
− (PB2 −BM2)− 2PM ·MX

= −BL2 + 2BL · LA+BM2 − 2BM ·MC

since PL · LZ = BL · LA and PM ·MX = BM ·MC. From here:

BL2 −BM2 = BL · LA−BM ·MC

⇒ BL(BL− AL) = BM(BM −MC)

⇒ (c− z)2z = −(a+ x)2x

⇒ x(x+ a) = z(z − c). (∗)

Analogously we obtain
z(c+ z) = y(b− y). (∗∗)

From
0 = PA2 − PB2 + PB2 − PC2 + PC2 − PA2

= AL2 − LB2 +BM2 −MC2 + CN2 −NA2

⇒ ax+ by + cz = 0.
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Using that and adding the equalities (∗) and (∗∗), we obtain

ax+ x2 + z2 + cz = z2 − cz + y2 − by

⇒ x2 + cz = y2 = y2 + ax+ by + cz

⇒ y(b+ y) = x(x− a), (∗ ∗ ∗)
i.e. the third equality of the form (∗) is true, which also proves that PC ⊥ Y X. Now,
multiply the three equalities to get:

xyz(a+ x)(b+ y)(c+ z) = xyz(x− a)(y − b)(z − c)

⇒ xyz
(
(a+ x)(b+ y)(c+ z) + (a− x)(b− y)(c− z)

)
= 0.

Since the expressions in parentheses are sums of positive numbers due to (a), it follows
that xyz = 0, so one of x, y, z is 0. Without loss of generality, let x = 0.

Then from (∗ ∗ ∗) and (∗) with x = 0 we get

y(b+ y) = 0, z(z − c) = 0,

which, owing to (a), implies y = z = 0. That means that P projects to the midpoints of
the sides of the triangle, hence it is the center of its circumcircle.

A BL

M

X

C

N

P

Z
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4.5

Let C1, A1, B1 be the touchpoints on the incircle Γ(I, r) with the sides AB,BC,CA of
△ABC respectively. Also let ∠A = 60◦ and A2 = Γ ∩ AA1, A2 ̸= A1. If I ∈ BC and
A,A2, I, T lie on a circle, find ∠TA1C1.

Solution: If there were two distinct points T1, T2 on B1C1 such that A,A2, T1, T2, I lie
on a circle, then we would have

∠AT1I + ∠AT2I = 180◦,

which would be impossible since both ∠AT1I and ∠AT2I would need to be obtuse (being
larger than the rectangles ∠AB1I and ∠AC1I). Thus the point in question is exactly one,
and we will construct it.

Let M be the midpoint of the arc B1A1C1 in Γ, and T ′ = MA2 ∩BC, then A2T
′ is the

angular bisector of ∠B1A2C1 and hence

B1T
′

T ′C1

=
B1A2

A2C1

=
B1A1

AA1
AB1

A1C1

AA1
AC1

=
B1A1

A1C1

Therefore A1T
′ is the angular bisector of ∠B1A1C1 and ∠T ′A1C1 = 30◦.

We shall show that T ′ ≡ T and the problem is solved. We have

∠B1A2M = ∠MA2C1 = ∠T ′B1M ⇒
△MB1A2 ∼ △MTB1 ⇒

MB1

MT ′ =
MA2

MB1

⇒ MB2
1 = MT ′ ·MA2.

Since I ∈ AM , then from ∠IB1M = ∠IMB1 = 30◦ = ∠B1AM it follows

△MB1I ∼ △MAB1 ⇒ MI ·MA = MB2
1 = MT ′ ·MA2

and therefore A,A2, I, T
′ lie on a circle, from where T ′ ≡ T . Final answer: 30◦ □

A1

C1A B

M

A2

T ′
I

C

B1

60◦
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4.6

Given is △ABC with ∠B = 60◦. Let T be the point of tangency of the incircle of △ABC
with AB, and C ′ be such that T is the midpoint of CC ′. If the perpendicular bisector of
BC ′ intersects the angle bisector of ∠A at A′, prove that △A′BC ′ is equilateral.

Solution: Let I be the center of the inscribed circle in △ABC, and let it touch BC
at T ′. Let L = AI ∩ BC and M = CI ∩ AB. Then we shall show that BL + BM =
2BT . Indeed, ∠IMB + ∠ILB = ∠A + 1

2
∠C + ∠C + 1

2
∠A = 3

2
(∠A + ∠C) = 180◦ since

∠A + ∠C = 180◦ − ∠B = 120◦. Furthermore, BM > BT ⇐⇒ BL < BT ′ = BT . Then
the right triangles △IMT and △ILT ′ are identical, since they have the same angles and
since IT = IT ′ (being the radius of the incircle). Now from MT = LT ′ it follows that
BL+BM = 2BT .

Let N be obtained from L by rotation by 60◦ about B, i.e. N ∈ AB and BN = BL.
Then MT = TN and CMCN is a parallelogram. So ∠BNC = 180◦ − ∠BMC = ∠BLA.
Then under rotation by −60◦ about B the ray NC ′ goes into LA, hence C ′ goes into a point
B′ on AL. It is easy to see that △BC ′B′ is equilateral, hence B′ lies on the perpendicular
bisector of BC ′. That means B′ = A′ and so △A′BC ′ is equilateral.

A BTM

A′

C ′

T ′

L

C

I

N 60◦
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4.7

Let Γ be a set of points A1, A2, . . . , An, n > 2, which is symmetric with respect to point O.
If no three points of Γ are collinear and OA1 + OA2 + · · · + OAn > 7, prove that we can
choose two points P and Q from Γ, such that the circumradius of △OPQ be larger than 1.

Solution: From the condition for noncollinearity ⇒ O /∈ Γ and so n = 2m, m > 1.
Without loss of generality, we may consider that arg(ai) < arg(aj) for i < j, where ai is
the affix of Ai, and 0 is the affix of O. We are given that ai + ai+m = 0, i = 1, 2, . . . ,m.

Let us consider the convex polygon b = B1B2 . . . B2m such that bi = a1 + a2 + · · ·+ ai.
That it is convex follows from the fact that its interior angles are < 180◦ (between ai and
ai+m there is a point ai+1, since m > 1). Its sides have lengths OA1, OA2, . . . , OAn and
therefore its perimeter p is larger than 7. We shall prove the following two lemmas:

Lemma 1: Every circle containing b has perimeter > p.

Lemma 2: ∃ i ∈ N: the circumcircle of △BiBi+1Bi+2 contains the whole polygon b
(B2m+1 = B1, B2m+2 = B2).

From the two lemmas it follows that there exists a circumcircle of △BiBi+1Bi+2 with
radius r:

2πr > p > 7 ⇒ r > 1.

It remains to note that the radius of the circumcircle of △OAiAi+1 is the same r and the
problem is solved. Here are the proofs of the lemmas:

Lemma 1: Let us construct for every i from Bi the rays BiCi and BiDi outside b:

BiCi ⊥ BiBi−1, BiDi ⊥ BiBi+1.

In the region DiBiBi+1Ci+1 are contained arcs from the circle about b and each of them
has length > BiBi+1 which proves the lemma.

Lemma 2: Let us take the side B1B2 and find the largest angle ∠BiBi+1Bi+2 (n ≥ i ≥
3) among ∠B1B2B3. Clearly the circle circumscribed about △BiBi+1Bi+2 covers all points
of b. Let us consider all triples {i, p, q} (0 < p < q < n, 1 ≤ i ≤ n) and take that one
of them for which q is minimal and the circle circumscribed about △BiBi+pBi+q contains
b. Thus q is minimal and all triples are of the type {i, 1, i − 1} are one of them. Then if
q > 2 ⇒ p > 1 or q > p + 1. The two cases are analogous ⇒ if p > 1 we take the largest
angle between ∠BiBi+pBi+p+1 and the circle about △BiBi+pBi+p+1 contains b. But then
p < q ⇒ the triple {i, i− 1, p} is more optimal, which is impossible. Finally q = 2, p = 1
and the lemma is proved.
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4.8

Let P and Q be points inside an acute triangle △ABC such that

∠PCA = ∠PAB = ∠PBC, ∠QBA = ∠QCB = ∠QAC.

(a) Prove that the feet of the perpendiculars from P and Q to the sides of △ABC lie on
a circle whose center is the midpoint of PQ.

(b) If O is the circumcenter of △ABC, prove that OP = OQ.

Solution (idea of G. Panova): Let △A1B1C1 denote the pedal triangle of P with
respect to △ABC, where A1 ∈ BC, B1 ∈ CA, C1 ∈ AB. By the sine law, we have

sin∠PAC

sin∠PCA
· sin∠PCB

sin∠PBC
· sin∠PBA

sin∠PAB
= 1 =

sin∠QCA

sin∠QAC
· sin∠QBC

sin∠QCB
· sin∠QAB

sin∠QBA
.

Let x = ∠PCA = ∠PAB = ∠PBC and y = ∠QBA = ∠QCB = ∠QAC. Also, let
α = ∠BAC, β = ∠CBA, γ = ∠ACB < 90◦ be the angles of △ABC. Then x and y are
two solutions to the equation f(x) = 0, where

f(x) = sin3 x− sin(α− x) sin(β − x) sin(γ − x). (∗)

If µ = min(α, β, γ), then f(x) is a continuous, strictly increasing function on (0, µ) ⊂
(0, 90◦) and its values range from − sinα sin β sin γ to sin3 µ. Therefore f has a unique
root, so x = y.

Observe that the quadrilaterals PB1AC1 and PB1CA1 are cyclic, since each quadrilat-
eral has two opposite right angles. Then

∠PB1C1 = ∠PAC1 = x, ∠PB1A1 = ∠PCB = γ − x,

hence ∠C1B1A1 = γ = ∠ACB. Similarly, ∠A1C1B1 = ∠BAC = α, so the triangles△ABC
and △C1A1B1 are similar and similarly oriented. Then there exists a spiral similarity ρ1
centered at P mapping A1 → B, B1 → C, C1 → A respectively. Since ρ1(B1) = C, we see
that the angle of ρ1 is ∠B1PC = 90◦ − x and its coefficient is CP/B1P = 1/ sinx.

Analogously, let △A2B2C2 be the pedal triangle of Q with respect to △ABC, where
A2 ∈ BC, B2 ∈ CA, C2 ∈ AB. By the earlier argument, there exists a spiral similarity ρ2
with center Q, angle 90◦ − x and coefficient sin(x), mapping △ABC to △B2C2A2.

Since the coefficient of ρ2ρ1 equals the product of the coefficients of ρ1 and ρ2, which is
1, it follows that ρ = ρ2ρ1 is a rotation that maps △C1A1B1 to △B2C2A2.

Let O′ be the midpoint of PQ and S = ρ1(O
′). Since ρ1 has center P , coefficient

1/ sin(x), and angle 90◦ − x, we have PS = PO′/ sin(x) and ∠O′PS = 90◦ − x. If K is the
projection of S onto PQ, we have ∠O′PS = 90◦ − x, so

PK = PS cos(90◦ − x) = PS sinx = PO′.

Hence K = O′, so SO′ ⊥ PQ. Therefore S lies on the perpendicular bisector of PQ, and
thus PS = QS. Therefore ρ2(S) = O′, consequently ρ(O′) = O′ and O′ is the center of ρ.
Since

ρ(C1) = B2, ρ(A1) = C2, ρ(B1) = A2,
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then
O′C1 = O′B2, O′A1 = O′C2, O′B1 = O′A2. (∗∗)

At the same time, since PC1 ⊥ AB and QC2 ⊥ AB, both P and Q project onto AB at
C1 and C2 respectively. Hence the midpoint O′ of PQ lies on the perpendicular bisector of
C1C2 and so O′C1 = O′C2. Analogously, O

′A1 = O′A2. Combined with (∗∗), that yields

O′B2 = O′C1 = O′C2 = O′A1 = O′A2 = O′B1,

hence O′ is the circumcenter of the hexagon C1A1B2C2B1A2 and (a) is proved.
To prove (b), let us note that since O′ is the circumcenter of △C1A1B1, its image under

ρ1 is the circumcenter of △ABC, hence S = ρ1(O
′) = O. From PS = QS we obtain

PO = QO and the problem is solved. □
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